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Abstract. We determine parts of the contact homology of certain contact 3-manifolds in the 
framework of open book decompositions, due to Giroux. We study two cases: when the mon- 
ryy ' odromy map of the compatible open book is periodic and when it is pseudo-Anosov. For an open 

^ , book with periodic monodromy, we verify the Weinstein conjecture. In the case of an open book 

' with pseudo-Anosov monodromy, suppose the boundary of a page of the open book is connected and 

the fractional Dehn twist coefficient c = — , where n is the number of prongs along the boundary. If 
k > 2, then there is a well-defined linearized contact homology group. If k > 3, then the linearized 
contact homology is exponentially growing with respect to the action, and every Reeb vector field 
■ of the corresponding contact structure admits an infinite number of simple periodic orbits. 
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1. Background and introduction 

About ten years ago, Emmanuel Giroux [Gi] described a 1-1 correspondence between isotopy 
classes of contact structures and equivalence classes of open book decompositions (in any odd 
dimension). This point of view has been extremely fruitful, particularly in dimension three. Open 
book decompositions were the conduit for defining the contact invariant in Heegaard-Floer ho- 
mology (due to Ozsvafh-Szabd [OSzJ). This contact invariant has been studied by Lisca-Stipsicz 
ULSB and others with great success, and has contributed considerably to the understanding of tight 
contact structures on Seifert fibered spaces. It was also open book decompositions that enabled the 
construction of concave symplectic fillings for any contact 3-manifold (due to Eliashberg [fEU and 
Etnyre HEtllO ; this in turn was the missing ingredient in Kronheimer-Mrowka's proof of Property 
P for knots [KMJ. In higher dimensions, the full potential of the open book framework is cer- 
tainly not yet realized, but we mention Bourgeois' existence theorem for contact structures on any 
odd-dimensional torus T 2n+1 llBoIl . 

The goal of this paper is to use the open book framework to calculate parts of the contact 
homology ifC(M, £) of a contact manifold (M, £) adapted to an open book decomposition, in 
dimension three. Giroux had already indicated that there exists a Reeb vector field R which is in 
a particularly nice form with respect to the open book: R is transverse to the interior of each page 
S, and is tangent to and agrees with the orientation of the binding OS of the open book. (Here the 
orientation of OS is induced from S.) The difficulty that we encounter is that this Reeb vector field 
is not nice enough in general, e.g., it is not easy to see whether the contact homology is cylindrical, 
and boundary maps are difficult to determine. (Some results towards understanding HC(M,£) 
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were obtained by Yau HY2UY3H .) In this paper we prove that, for large classes of tight contact 3- 
manifolds, HC(M, £) is cylindrical, and moreover that HC(M, £) ^ 0. What enables us to get a 
handle on the contact homology is a better understanding of tightness in the open book framework. 
The second author, together with Kazez and Matic [HKMJ, showed a contact manifold (M, £) is 
tight if and only if all its compatible open books have right-veering monodromy. We will see that 
there is a distinct advantage to restricting our attention to right-veering monodromy maps. 
In this section we review some notions around open book decompositions in dimension three. 

1.1. Fractional Dehn twist coefficients. Let S be a compact oriented surface with nonempty 
boundary dS. Fix a reference hyperbolic metric on S so that dS is geodesic. (This excludes the 
cases where S is a disk or an annulus, which we understand well.) Suppose that dS is connected. 
Let h : S — > S be a diffeomorphism for which h\as — id. If h is not reducible, then h is freely 
homotopic to homeomorphism ip of one of the following two types: 

(1) A periodic diffeomorphism, i.e., there is an integer n > such that ip n = id. 

(2) A pseudo-Anosov homeomorphism. 

Let H : S x [0, 1] — > S be the free isotopy from h(x) = H(x, 0) to its periodic or pseudo- 
Anosov representative ip(x) = H(x, 1). We can then define (3 : OS x [0, 1] — > OS x [0, 1] by 
sending (x,t) i— > (H(x,t),t), i.e., j3 is the trace of the isotopy H along OS. Form the union of 
OS x [0, 1] and S by gluing OS x {1} and (95. By identifying this union with S, we construct the 
homeomorphism (5 U ^ on S which is isotopic to h relative to dS. We will assume that h = f3Uip, 
although ip is usually just a homeomorphism in the pseudo-Anosov case. (More precisely, ip is 
smooth away from the singularities of the stable/unstable foliations.) 

If we choose an oriented identification dS ~ R/Z, then we can define an orientation-preserving 
homeomorphism / : R -> R as follows: lift (3 : R/Z x [0, 1] -> R/Z x [0, 1] to ^ : R X [0, 1] -> 
R x [0, 1] and set /(x) = j3(x, 1) — ^(x, 0) + x. We then call (3 a. fractional Dehn twist by an 
amount c G Q, where c is the rotation number of /, i.e., c = lim^oo - for any x. In the case 
ip is periodic, c is simply /(x) — x for any x. In the pseudo-Anosov case, c can be described as in 
the next paragraphs. 

A pseudo-Anosov homeomorphism ip is equipped with a pair of laminations — the stable 
and unstable measured geodesic laminations (A s , fi s ) and (A u , fi u ) — which satisfy ^(A s , fi s ) = 
(A s , t/j, s ) and ip(A u , // w ) = (A u , r -1 ^") for some r > 1. (Here A s and A u are the laminations and 
II s and /i" are the transverse measures.) The lamination A (= A s or A") is minimal (i.e., does not 
contain any sublaminations), does not have closed or isolated leaves, is disjoint from the boundary 
dS, and every component of S — A is either an open disk or a semi-open annulus containing a 
component of OS. In particular, every leaf of A is dense in A. 

Now the connected component of S — A s containing dS is a semi-open annulus A whose metric 
completion A has geodesic boundary consisting of n infinite geodesies Ai, . . . , A n . Suppose that 
the Aj are numbered so that i increases (modulo n) in the direction given by the orientation on dS. 
Now let Pi C A be a semi-infinite geodesic which begins on dS, is perpendicular to OS, and runs 
parallel to 7, and 7 i+ i (modulo n) along the "spike" that is "bounded" by ji and 7i+i. These Pj will 
be referred to as the prongs. Let Xj = Pi H 95 1 be the endpoint of on We may assume that 
ip permutes (rotates) the prongs and, in particular, there exists an integer k so that ip : x, t— > x^+fc 
for all i. It then follows that c is a lift of \ G R/Z to Q. 
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If dS is not connected, then one can similarly define a fractional Dehn twist coefficient c$ for 
the ith boundary component of S. 

1.2. Open book decompositions and tightness. In this paper, the ambient 3-manifold M is ori- 
ented and the contact structure £ is cooriented. 

Let (S, h) be a pair consisting of a compact oriented surface S and a diffeomorphism h : S ^ 
S which restricts to the identity on dS, and let if be a link in a closed oriented 3-manifold 
M. An open book decomposition for M with binding if is a homeomorphism between ((S x 
[0, l])/~ h , (95 x [0, 1])/~J and (M, if). The equivalence relation is generated by (x, 1) ~ h 
0) 1 for all x e S and (y, t) ~ h (y, *') for all y e dS and i, t' e [0, 1]. We will often identify 
M with (S 1 x [0, l])/~ h ; with this identification S t = S x {£},£ G [0, 1], is called a page of the 
open book decomposition and h is called the monodromy map. Two open book decompositions 
are equivalent if there is an ambient isotopy taking binding to binding and pages to pages. We will 
denote an open book decomposition by (S, h), although, strictly speaking, an open book decom- 
position is determined by the triple (S, h, if). There is a slight difference between the two — if we 
do not specify if C M, we are referring to isomorphism classes of open books instead of isotopy 
classes. 

Every closed 3-manifold has an open book decomposition, but it is not unique. One way of 
obtaining inequivalent open book decompositions is to perform a positive or negative stabilization: 
(S 1 , h') is a stabilization of (S, h) if S' is the union of the surface S and a band B attached along 
the boundary of S (i.e., S' is obtained from S by attaching a 1 -handle along OS), and h! is defined 
as follows. Let 7 be a simple closed curve in 5" "dual" to the cocore of B (i.e., 7 intersects the 
cocore of B at exactly one point) and let id B U h be the extension of h by the identity map to B U S. 
Also let i? 7 be the positive (or right-handed) Dehn twist about 7. Then for a positive stabilization 
h! = R y o (id B U h), and for a negative stabilization h! = i?" 1 o (ids U h). It is well-known that 
if (S", h') is a positive (negative) stabilization of (S, h), and (S, h) is an open book decomposition 
of (M, if), then (S', h') is an open book decomposition of (M, if') where if' is obtained by a 
Murasugi sum of if (also called the plumbing of if) with a positive (negative) Hopf link. 

According to Giroux [GiJ, a contact structure £ is supportedby the open book decomposition 
(S, h, if) if there is a contact 1-form a which: 

(1) induces a symplectic form da on each page S t ; 

(2) if is transverse to £, and the orientation on if given by a is the same as the boundary 
orientation induced from S coming from the symplectic structure. 

In the 1970's, Thurston and Winkelnkemper HTW1 showed that (in Giroux's terminology) any open 
book decomposition (S, h, if) of M supports a contact structure £. Moreover, the contact planes 
can be made arbitrarily close to the tangent planes of the pages, away from the binding. 
The following result is the converse (and more), due to Giroux llGill . 

Theorem 1.1 (Giroux). Every contact structure (M, £) on a closed 3-manifold M is supported by 
some open book decomposition (S, h, if). Moreover, two open book decompositions (S, h, if) and 
(S", h', if') which support the same contact structure (M, £) become equivalent after applying a 
sequence of positive stabilizations to each. 

Akbulut-Ozbagci HAOII and Giroux (independently) also clarified the role of Stein fillability, 
inspired by the work of Loi-Piergallini HLP1I : 



REEB VECTOR FIELDS AND OPEN BOOK DECOMPOSITIONS 



5 



Corollary 1.2 (Loi-Piergallini, Akbulut-Ozbagci, Giroux). A contact structure £ on M is holo- 
morphically fillable if and only if£ is supported by some open book (S,h,K) with h a product of 
positive Dehn twists. 

The second author, together with Kazez and Matic [HKMJ, partially clarified the role of tightness 
in the open book framework. In particular, the following theorem was obtained: 

Theorem 1.3. A contact structure (M, £ ) is tight if and only if all of its open book decompositions 
(S, h) have right-veering h. 

We will briefly describe the notion of right-veering. Let a and (3 be isotopy classes, rel end- 
points, of properly embedded oriented arcs [0, 1] — > S with a common initial point a(0) =13(0) = 
x E OS. Assume a ^ (3. Choose representatives a, 6 of a, (3 so that they intersect transversely 
(this include the endpoints) and efficiently, i.e., with the fewest possible number of intersections. 
Then we say (3 is strictly to the right of a if the tangent vectors (6(0), a(0)) define the orientation 
on S at x. A monodromy map h is right-veering if for every choice of basepoint x E dS and every 
choice of arc a based at x, h(a) = a or is strictly to the right of a. 

Theorem 1.4. Suppose h is freely homotopic to tp which is periodic or pseudo-Anosov, and c, is 
the fractional Dehn twist coefficient corresponding to the ith boundary component of S. 

(1) Iftp is periodic, then h is right-veering if and only if all ci > 0. Hence (M, £) is overtwisted 
if some Ci < 0. 

(2) Ifip is pseudo-Anosov, then h is right-veering if and only if all Ci > 0. Hence (M, £) is 
overtwisted if some Ci < 0. 

2. Main results 

In this article, we prove the existence and nontriviality of cylindrical contact homology for a con- 
tact structure (M, £ ) given by an open book decomposition (S, h) with periodic or pseudo-Anosov 
monodromy, under favorable conditions. Here S is a compact, oriented surface with nonempty 
boundary dS (often called a "bordered surface"), and h : S — ► S is an orientation-preserving 
diffeomorphism which restricts to the identity on the boundary. 

One of the motivating problems in 3-dimensional contact geometry is the following Weinstein 
conjecture: 

Conjecture 2.1 (Weinstein conjecture). Let (M, £) be a contact 3-manifold. Then for any contact 
form a with ker a = £, the corresponding Reeb vector field R = R a admits a periodic orbit. 

During the preparation of this paper, Taubes [Taj gave a complete proof of the Weinstein con- 
jecture in dimension three. Our methods are completely different from those of Taubes, who uses 
Seiberg-Witten Floer homology instead of contact homology. In some situations (i.e., Theorem 12 .31 
and Corollary 12.61) . we prove a better result which guarantees an infinite number of simple periodic 
orbits. 

Prior to the work of Taubes, the Weinstein conjecture in dimension three was verified for con- 
tact structures which admit planar open book decompositions I ACH1I (also see related work of 
Etnyre HEt2|| ), for certain Stein fillable contact structures HChllZell , and for certain universally tight 
contact structures on toroidal manifolds [BC|. We also refer the reader to the survey article by 
Hofer fllEl. 
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2.1. The periodic case. Our first result is the following: 

Theorem 2.2. The Weinstein conjecture holds when (S, h) has periodic monodromy. 

Proof. By the work of Hofer HH1L the Weinstein conjecture holds for overtwisted contact struc- 
tures, on S 3 and manifolds which are covered by S 3 , and on manifolds for which ^(M) ^ 0. If 
any of the fractional Dehn twist coefficients q are negative, then (M, £) is overtwisted by Theo- 
rem \TA\ If any q = 0, then h = id. In this case, M is a connected sum of (S 1 x S^'s, and has 

7T 2 (M)^0. 

When all the c, > and the universal cover of M is IR 3 , then the cylindrical contact homology 
is well-defined and nontrivial by Theorem 14.41 □ 

In the periodic case, we also prove Theorem 14 .2[ which states that (M, £) is tight if and only if 
h is right- veering. Moreover, the tight contact structures are ^-invariant and also Stein tillable. 

2.2. The pseudo-Anosov case. We now turn our attention to the pseudo-Anosov case. For sim- 
plicity, suppose S has only one boundary component. Then h gives rise to two invariants: the 
fractional Dehn twist coefficient c and the pseudo-Anosov homeomorphism ip which is freely ho- 
motopic to h. If c < 0, then the contact manifold (M, £) is overtwisted by Theorem II .41 Hence 
we restrict our attention to c > 0. Let us write c = ^ where n is the number of prongs about the 
unique boundary component dS. Our main theorem is the following: 

Theorem 2.3. Suppose dS is connected and c = ^ is the fractional Dehn twist coefficient. 

(1) Ifk > 2, then any chain group (A(a, J) , d) of the full contact homology admits an augmen- 
tation e. Hence there is a well-defined linearized contact homology group HC £ (M, a, J). 

(2) If k > 3, then the linearized contact homology group HC £ (M,a, J) has exponential 
growth with respect to the action. (In particular, HC £ (M, a, J) is nontrivial.) 

For the notions of full contact homology, linearized contact homology, and augmentations, see 
Section |3l The action A a (y) of a closed orbit 7 with respect to a contact 1-form a is j a. The lin- 
earized contact homology group HC £ (M, a, J) with respect to the contact 1-form a and adapted 
almost complex structure J on the symplectization is said to have exponential growth with respect 
to the action, if there exist constants c 1 ,c 2 > so that the number of linearly independent gener- 
ators in HC £ (M 1 a, J) which are represented by £\ 0^(7$ — e(7»)), en G Q, with AJ^yi) < L for 
all i is greater than c\e C2L . Here the contact homology groups are defined over Q. The notion of 
exponential growth with respect to the action is independent of the choice of contact 1-form a and 
almost complex structure J in the following sense: Given another A(a', J'), there is a chain map 
$ : A(a', J') — > A(a, J) which pulls back the augmentation e on A(a, J) to $*£ on A(ot! , J'), 
so that HC^ £ {M, a', J') ~ HC £ {M, a, J) and HC** £ {M, a', J') has exponential growth if and 
only if HC £ (M, a, J) does. 

Theorem 12.3 [ together with Theorem 1 1.41 implies the following: 

Corollary 2.4. The Weinstein conjecture holds for (M, £) which admits an open book with pseudo- 
Anosov monodromy if either c < or c > -. 

In the paper HCH2L we prove that every open book (S, h) can be stabilized (after a finite number 
of stabilizations) to (S", h!) so that h! is freely homotopic to a pseudo-Anosov homeomorphism 
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and dS' is connected. This proves that "almost all" contact 3-manifolds satisfy the Weinstein 
conjecture. 

Remark 2.5. With our approach, it remains to prove the Weinstein conjecture for c = - and -. 
The c = ^ case is fundamentally different, and requires a different strategy; the c = | case might 
be possible by a more careful analysis of Conley-Zehnder indices. 

We also have the following: 

Corollary 2.6. Let a be a contact 1-form for (M,£) which admits an open book with pseudo- 
Anosov monodromy and c > -. Then the corresponding Reeb vector field R a admits an infinite 
number of simple periodic orbits. 

In the corollary we do not require that the contact 1-form a be nondegenerate. The proof of 
Corollary 12.61 will be given in Section [Tl .31 

The main guiding philosophy of the paper is that a Reeb flow is not too unlike a pseudo-Anosov 
flow on a 3-manifold, since both types of flows are transversely area-preserving. The difference 
between the two will be summarized briefly in Section [6TT1 and discussed more thoroughly in the 
companion paper HCHLH . 

We are also guided by the fundamental work of Gabai-Oertel HGOI on essential laminations, 
which we now describe as it pertains to our situation. Suppose S is hyperbolic with geodesic 
boundary. Suspending the stable geodesic lamination A s of ip, for example, we obtain a codimen- 
sion 1 lamination C on M, which easily satisfies the conditions of an essential lamination, provided 
k > 1. In particular, the universal cover M of M is IR 3 and each leaf of C has fundamental group 
which injects into iri(M). 

The following is an immediate corollary of the proof of Theorem [231 

Corollary 2.7. A contact structure (M, £) supported by an open book with pseudo-Anosov mon- 
odromy with k > 1 is universally tight with universal cover IR 3 . 

2.3. Growth rates of contact homology. Theorem 12.31 opens the door to questions about the 
growth rates of linearized contact homology groups on various contact manifolds. 

Example 1. The standard tight contact structure on S 3 . Modulo taking direct limits, there is 
a contact 1-form with two simple periodic orbits, both of elliptic type. The two simple orbits, 
together with their multiple covers, generate the cylindrical contact homology group. Hence the 
growth is linear with respect to the action. 

Example 2. The unique Stein tillable tight contact structure (T 3 , £), given by a = sm(2nz)dx — 
cos(2%z)dy on T 3 = IR 3 /Z 3 with coordinates (x,y,z). Modulo direct limits, the closed orbits 
are in 2 — 1 correspondence with Z 2 — {(0, 0)}. Hence the cylindrical contact homology grows 
quadratically with respect to the action. 

Example 3. The set of periodic orbits of the geodesic flow on the unit cotangent bundle of a 
closed hyperbolic surface S is in 1-1 correspondence with the set of closed geodesies of S. Hence 
the cylindrical contact homology of the corresponding contact structure grows exponentially with 
respect to the action. 
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Question 2.8. Which contact manifolds (M, £) have linearized contact homology with exponential 
growth? Are there contact manifolds which have linearized contact homology with polynomial 
growth, where the degree of the polynomial is greater than 2 ? 

A special case of the question is: 

Question 2.9. What happens to contact structures on circle bundles over closed hyperbolic sur- 
faces S with Euler number between and 2g(£) — 3, which are transverse to the fibers? Here 
g(E) is the genus ofT,. 

Euler number 2g(£) — 2 corresponds to the unit cotangent bundle case; on the other hand, Euler 
number < — 1 corresponds to the ^-invariant case, and has linear growth. 
We also conjecture the following: 

Conjecture 2.10. Universally tight contact structures on hyperbolic manifolds have exponential 
growth. 

Organization of the paper. The notions of contact homology will be described in Section |3J In 
particular we quickly review the notions of augmentations and linearizations. Section [4] is devoted 
to the periodic case. In particular, we show that a periodic (S, h) is tight if and only if h is right- 
veering (Theorem 14.21) ; moreover, a tight (S, h) with periodic monodromy is Stein tillable. In 
Section [5j we present the Rademacher function and its generalizations, adapted to periodic and 
pseudo-Anosov homeomorphisms. In Section [6] we construct the desired Reeb vector field R 
which closely hews to the suspension lamination. This section is the technical heart of the paper, 
and is unfortunately rather involved. Section [7] is devoted to some discussions on perturbing the 
contact form to make it nondegenerate. Then in Sections [8] and [9[ we give restrictions on the 
holomorphic disks and cylinders. In particular, we prove Theorem 18. 1[ which states that for any 
N ^> there is a contact 1-form a for a contact structure which is supported by an open book 
with pseudo-Anosov monodromy and fractional Dehn twist coefficient c > ~, so that none of the 
closed orbits 7 of action < iV are positive asymptotic limits of (holomorphic) finite energy planes 
u. The actual calculation of contact homology with such contact 1 -forms will involve direct limits, 
discussed in Section \10\ We then prove Theorem I2.3IT ) in Section [10.21 Finally, we discuss the 
growth rate of periodic points of a pseudo-Anosov homeomorphism and use it to conclude the 
proofs of Theorem 12 .31 2) and Corollary 12 .61 in Section ITTl 

3. Contact homology 

In this section we briefly describe the full contact homology, its linearizations, and Morse-Bott 
theory. Contact homology theory is part of the symplectic field theory of Eliashberg-Givental- 
Hofer [EGHJ. For a readable account, see Bourgeois' lecture notes HBo3ll . 

Disclosure. The full details of contact homology have not yet appeared. In particular, the glu- 
ing argument and, more importantly, the treatment of multiply-covered orbits are not written 
anywhere. However, various portions of the theory are available. For the asymptotics, refer to 
Hofer-Wysocki-Zehnder [HWZ1J. Compactness was explained in [BEHWZJ. The Fredholm the- 
ory and transversality (for non-multiply-covered curves) were treated by Dragnev llDrll . For the 
Morse-Bott approach, refer to HBolM . Examples of contact homology calculations were done by 
Bourgeois-Colin llBCil . Ustilovsky E) and Yau II7H . 
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3.1. Definitions. Let (M, £) be a contact manifold, a a contact form for £, and R = R a the 
corresponding Reeb vector field, i.e., 2 R <ia: = and i^a = 1. Consider the symplectization 
(R x M, d(e*a)), where £ is the coordinate for R. We will restrict our attention to almost complex 
structures J on R x M which are adapted to the symplectization: If we write T( tjX )(R x M) = 
Rt| © Mi? © £, then J maps £ to itself and sends ^ h-> i? and R - J^. 

Let 7 be a closed orbit of i? with period T. The closed orbit 7 is nondegenerate if the derivative 
£7(0) "~ £y(T) of the first return map does not have 1 as an eigenvalue. A Reeb vector field R is said 
to be nondegenerate if all its closed orbits 7 are nondegenerate. Suppose a is a contact 1-form for 
which R is nondegenerate. 

A closed orbit is said to be good if it does not cover a simple orbit 7 an even number of times, 
where the first return map £ 7 ( ) — > £ 7 m has an odd number of eigenvalues in the interval (—1, 0). 
Here T is the period of the orbit 7. Let V = V a be the collection of good closed orbits of R = R a . 
We emphasize that V includes multiple covers of simple periodic orbits, as long as they are good. 

In dimension three, a closed orbit 7 has even parity (resp. odd parity) if the derivative of the 
first return map is of hyperbolic type with positive eigenvalues (resp. is either of hyperbolic type 
with negative eigenvalues or of elliptic type). The Conley-Zehnder index is a lift of the parity 
from Z/2Z to Z. If 7 is a contractible periodic orbit which bounds a disk D, then we trivialize 
£|d and define the Conley-Zehnder index ^(7, D) to be the Conley-Zehnder index of the path of 
symplectic maps {d(f) t : £ 7 ( ) — > £ 7 ( t ), t G [0, T]} with respect to this trivialization, where <f> t is the 
time t flow of the Reeb vector field R. In our cases of interest, 7r 2 (M) = 0, so nipf) is independent 
of the choice of D. We will also sometimes write I7I = ^(7) — 1. If 7, 7^ . . . , 7^ E V and 

[7] = hi] "I 1" frm) e Hi(M; Z), then let Z be a surface whose boundary is 7 — 7J 7^. 

Trivialize £\ z and define the Conley-Zehnder index fi[z] (l, l[, ■ ■ ■ , l' m ) w ^ tn aspect to the relative 
homology class [Z] e H 2 (M, 7 U (U^')) to be the Conley-Zehnder index of 7 minus the sum from 
% — 1 to m of the Conley-Zehnder indices of 7-, all calculated with respect to the trivialization on 
Z. 

Now, we fix a point m 7 , called a marker, on each simple periodic orbit 7. Also, an asymptotic 
marker at z G S 2 is a ray r originating from 2. 

Define Hol[ Z ](J, 7, 7i, . . . , 7„) to be the set of all holomorphic maps 

u=(a,u) : (Z = S 2 -{x, yi ,...,y m },j) -> (RxM, J), 

together with asymptotic markers r at rr and at yi, i = 1, . . . , m, subject to the following: 

• linip^o u(p, 9) = 7(0) near x; 

• lim p _o u(p, 6) = ^(9) near y[, . . . , y' m ; 

• the limit of u as p — > along r is m 7 ; 

• the limit of w as p — > along r j is m 7 / ; 

• lim p ^ ^) = +00 near x; 

• lim p ^ a(p, 9) = -00 near j/i, . . . , y' m . 

Here, x,yi, . . . ,y m £ S 2 , j is a complex structure on E, u is in the class [Z], we are using 
polar coordinates (p,9) near each puncture, and ^(9) and 7-(#), i = 1, . . . ,m, refer to some 
parametrization of the trajectories 7 and 7-. The convergence for u(p, 9) and a(p, 9) is in the C°- 
topology. In the current situation, the punctures x, y±, . . . , y m , the complex structure j, and the 
asymptotic markers r, n, . . . , r m are allowed to vary, while the markers m 7 stay fixed. 
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Next, two curves u : (S = S 2 - {x,y x , . . .,y m },j) -> (R x M, J) and v! : (S = S 2 - 
{V, 2/i, . . . , y^}, /) -> (R x M, J) in Hol [z] (J, 7, 7^ ... , 7^) are equivalent if «' = u o F, where 
iJ is a biholomorphism of £ which takes the asymptotically marked punctures 



We define the moduli space M. \z\ ( J, 7, j'x , ■ ■ ■ , j' m ) to be the quotient of Hoi [ Z \ ( J, 7, 7^ , . . . , j' m ) 
under the equivalence relation. The space M.[z\{J, 7, 7(, • • • , 7 m ) supports an IR-action (in the 
target), obtained by translating a curve along the IR-direction of R x M. Assuming sufficient 
transversality, M.r Z i(J, 7, 7^ . . . , 7^,)/R is endowed with the structure of a weighted branched 
manifold with rational weights. For that one can use the Kuranishi perturbation theory of Fukaya- 
Ono HFOH or the multi-valued perturbation of Liu and Tian ULTII : see also McDuff [McDJ. In 
that case, M.\z\ (J, 7, 7x, • • • , 7m) is a union of manifolds with corners along a codimension one 
branching locus, each piece having the expected dimension fi[ Z ] (7, l[, ■ ■ ■ , l' m )~ (1 — rn) — 1. When 
this dimension is 0, we find a finite collection of points, according to the "Gromov compactness 
theorem" due to HBEHWZH . 

We now define the full contact homology groups FHC (M, a, J) . The contact homology groups 
are necessarily defined over Q, since we must treat multiply covered orbits. The chain group is the 
supercommutative Q-algebra A = A(a, J) with unit, which is freely generated by the elements 
of V. Here supercommutative means that ji and 7 2 commute if one of them has odd parity (and 
hence even degree | • |) and anticommute otherwise. Now the boundary map d : A — ► A is given 
on elements 7 G V by: 



where the sum is over all unordered tuples 7' = (7^ . . . , 7^) of orbits of V and homology classes 
[Z] e H 2 (M, 7U (Uj7j')) so that, for any given ordering 7J, . . . , 7 m of 7', the expected dimension of 
the moduli space M.\z]{ J, 7, 7i, ■ ■ ■ , 7m) ls zero. Here ^(7) is the multiplicity of 7. The integers 
denote the number of occurrences of each orbit 7- in the list 7^, . . . , j' m . Also, we denote 
by n 7i7 j i ... j7 ^ the signed weighted count of points in M.{z]{"j, 7i, • • • , 7m) /R, for the corresponding 
ordering of 7', following a coherent orientation scheme as given in [EGHJ. This definition does 
not depend on the ordering of 7', since if we permute 7^ and 7^ +1 , the coefficient n 7)7 ^... i7 ' is 
multiplied by (— l)l 7 »'H 7 »+il, which is annihilated by the sign coming from the supercommutativity 
of A If 7, 71, . . . , 7^ are multiply covered, then each non-multiply-covered holomorphic curve 
u E M.[z\{l, 7i, • • • , 7 m )/R contributes ±/t(7)/t(7^) . . . «(7 m ) to n 7)7 ^ ,..., 7? ' n . This is due to the fact 
that, for the puncture x (resp. yi), there are ^(7) (resp. k,^)) possible positions for the asymptotic 
marker r (resp. r^). If u is a cover of a somewhere injective holomorphic curve, then it is counted as 
^ z l( K (l) K (l'i) ■ ■ ■ K (7m))' where k is the number of automorphisms of the cover, since this group 
of automorphisms acts freely on the set of asymptotic markers and thus allows to identify different 
positions. The coefficient i\\ . . takes into account the following overcounting: if, for example, 
2/i, ... , go to 7p then, for any permutation of these indices, the corresponding permutation of 
the punctures will give rise to different maps in Aimi^, 7i, • • • , 7 m ) The definition of d is then 
extended to all of A using the graded Leibniz rule. 



((>', r'), (y[, r[),... (y' m , r' m )) ((x, r), (y h n), . . . , (y m , r m )). 




Theorem 3.1. (Eliashberg-Givental-Hofer) 
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(1) d 2 = 0, so that (A(a, J), d) is a differential graded algebra. 

(2) FHC(M, a, J) = H*(A(a, J), d) does not depend on the choice of the contact form a for 
£, the complex structure J and the multi-valued perturbation. 

The action A a (j) = f a of a closed orbit 7 with respect to the 1-form a gives rise to a fil- 
tration, which we call the action filtration. Define the action of 71 ... j m to be A a (ji . . . j m ) = 
YlT=i A a {ji)- The boundary map is action-decreasing, since every nontrivial holomorphic curve 
has positive (ia-energy. There is a second filtration which comes from an open book decomposi- 
tion, which we call the open book filtration, and is given by the number of times an orbit intersects 
a given page. This will be described in more detail in Section [9] 

3.2. Linearized contact homology. In this subsection we discuss augmentations, as well lin- 
earizations of contact homology induced by the augmentations. We have learned what is written 
here from Tobias Ekholm HEkL Details of the assertions are to appear in [BEEJ. The notion of an 
augmentation first appeared in [ChkJ, in the context of Legendrian contact homology. 

Let (A = A(a, J), d) be the chain group for the full contact homology as defined above. An 
augmentation for A is a Q-algebra homomorphism e : A — * Q which is also a chain map. (Here 
we are assuming that the boundary map d' for Q satisfies d'a = for all a E Q. This means that 
ed = 0.) In this paper, we will assume that e(a) = if a not contractible or if a is contractible but 
\a\ 0. (Recall that 7T 2 (M) = in this paper.) Let Aug(A, d) denote the set of augmentations of 
(A,d). 

An augmentation e for (A, d) induces a "change of coordinates" a 1— > a = a — e(a) of A, where 
a E V. Then da has the property that it does not have any constant terms when expressed in terms 
of sums of words in a^. (Proof by example: Suppose da = 1 + a\ + a 2 a 3 . Then 

da = 1 + (ai + e(ai)) + (a 2 + e(a 2 ))(a 3 + e(a 3 )) = e(l + a x + a 2 a 3 ) + h.o. = h.o. 

Here 'h.o.' means higher order terms in the word length filtration.) In other words, with respect 
to the new generators a, d is nondecreasing with respect to the word length filtration, i.e., d = 
d\ + d 2 + • • • , where dj is the part of the boundary map which counts words of length j in the 
Oj's. Therefore it is possible to define the linearized contact homology group HC £ (M, a, J) with 
respect to e to be the homology of (A\, d\), where A\ is the Q- vector space generated by the a, 
and Oj G V. 

Example 1: cylindrical contact homology. When da does not have a constant term for all a e V, 
then it admits the trivial augmentation e which satisfies e(l) = 1 and e(a) — for all a E V. The 
linearized contact homology with respect to the trivial augmentation e is usually called cylindrical 
contact homology, and will be denoted HC(M, a, J). If we restrict to the class of nondegenerate 
Reeb vector fields R a with trivial augmentations, then HC(M, a, J) does not depend on a (or on 
J) and will be written as HC(M, £ = ker a). 

We make two remarks about cylindrical contact homology. First, the trivial augmentation does 
not always exist. Second, it is possible to have finite energy planes which asymptotically limit to 
a at the positive end and still have da without a constant term, as long as the total signed count is 
zero. 
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Example 2: augmentations from cobordisms. Suppose (X 4 ,a;) is an exact symplectic cobor- 
dism with (M, a) at the positive end and (M', a') at the negative end, and J be a compatible almost 
complex structure on (X 4 , uS). If A(M', a', J|kera') admits an augmentation 

e':A(M',a',J\ keial )^Q, 

then we can compose it with the chain map 

ker a 

) -> A(M', a', J\ 

ker a' ) 

to obtain the pullback augmentation e = ®( X j) e> — e' o $(x,J> Moreover, we have an induced 
map 

HC £ {M,a) -> HC £ '{M',a') 
between the linearized contact homology groups. 

Two augmentations £o, £± : (A, 9) — > Q are said to be homotopic if there is a derivation X : 
(71, 9) — > (71, 9) of degree 1 satisfying 

£l — £ ° e 

Theorem 3.2 (Bourgeois-Ekholm-Eliashberg). 

(1) Tjf £o, £i are homotopic augmentations of(A(M, a, J), d), then 

HC eo (M, or, J) ~ ifC £l (M, a, J). 

(2) Given a 1 -parameter family of compatible almost complex structures J t , t 6 [0, 1], on 
f/ze exact symplectic cobordism (X 4 , c<j) /rom (M, a) to (M', a') which agrees with J on 
M and J' on M' , and an augmentation e' on A(M', a', J'), the pullback augmentations 
Eo = e' o Jo) an d s\ = e' o j x ) are homotopic and induce the same map 

HC £ *{M,a,J) -> HC £ '{M',a',J'). 

(3) 77ze i'e? 

{HC £ (M, a, J) | £ G Aug(yi(M, a, J), 9)} 
of linearized contact homologies up to isomorphism is an invariant of (M, £ = ker a). 

3.3. Morse-Bott theory. We briefly describe how to compute the cylindrical contact homology of 
a degenerate contact form of Morse-Bott type. For more details, we refer the reader to Bourgeois' 
thesis HBo2ll . Again, let 4> t be the time t flow of the Reeb vector field R a of a. 
A contact form a is of Morse-Bott type if: 

(1) the action spectrum a(a) = {^^(7) | 7 periodic orbit} is discrete; 

(2) the union Nt of fixed points of <pT is a closed submanifold of M; 

(3) the rank of da\N T is locally constant and T P N T = ker(d(f)T(p) — I). 

The submanifold N T is foliated by orbits of R a . In the case where dimN T = 3, the manifold 
Nt is a Seifert fibered space. The quotient space St is thus an orbifold, whose singularities with 
singularity groups Z/mZ are the projections of orbits of actions — . 

Choose a complex structure J on £ which is invariant under the S^-action on N T induced by 
the flow <pf Now, for each T, pick a Morse function fa : St — * K so that the downward gradient 
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trajectory of fx with respect to the metric induced from da>(-, J-) (by quotienting out the S 1 - 
direction) is of Morse-Smale type. We also assume that, if St C S^t, then f kT extends the 
function fx so that fur has positive definite Hessian in the normal directions to Sx- 

Let 7 E St- We choose a trivialization of £| 7 . As before, define the Conley-Zehnder index ^(7) 
to be the Conley-Zehnder index of the path {0^(7(0)) : £ 7 (o) — > £ 7 (t), £ E [0, T}} with respect to 
the trivialization, using the Robbin-Salamon definition URSH . (Note that the value 1 belongs to the 
spectrum of the map d(px(l(0)), with eigenspace isomorphic to the tangent space of St.) 

If 7 E St is a critical point of fx, then define the grading I7I of 7 as: 

|7| = /i(7) - ~ dim St + index 7 (/ T ) - 1. 

The parity of I7I does not depend on the choice of framing of £ along 7. Also, if 7 E St, then a 
choice of framing for £ along 7 induces a framing along any 7' E St, by isotoping through fibers. 
The index ^(7) then does not depend on 7 E St for this particular family of framings. If 7 E St, 
then let rwy denote the m-fold cover of 7 in S m T- A critical point 7 of fx is bad if it is an even 
multiple 2k"f' of a point 7' whose parity differs from the one of 7, and is good otherwise. 

Let MBC (a, J) be the free Q-vector space generated by the good critical points of fx, for all 
T E a (a). We now briefly describe the differential d on MBC. Let 7+ and 7~ be good crit- 
ical points of \-i T fx- The coefficient (c>7 + ,7~) of 7~ in the differential is a signed count 
of points of 0-dimensional moduli spaces of generalized holomorphic cylinders from 7+ to 7". 
A generalized holomorphic cylinder from 7+ to 7" is a finite collection of J-holomorphic cylin- 
ders {Ci, . . . , C k }, together with downward gradient trajectories {a , ai, • • • , a/c+i} of / T on St, 
satisfying the following: 

• The holomorphic cylinder Cj, i — 1, . . . , k, is asymptotic to 7+ at +00 and 7," at —00; 

• 7 + = 7(7 and 7- = 7+ +1 ; 

• The orbits 7^ and 7^, i = 0, . . . , k, lie on the same component of SV, and dj connects 7," 
t° 7m; 

The map 9 is extended linearly to all of MBC (a, J). The main theorem of Bourgeois' thesis is 
the following: 

Theorem 3.3. If no orbit ofR a is the asymptotic limit of a finite energy plane, then (M BC (a, J), d) 
is a chain complex and its homology is isomorphic to HC(M, £). 

Example. If M is fibered by Reeb periodic orbits of action T, then Sx is a smooth surface. Since 
all the orbits in N T = M have the same action T, the only generalized cylinders between orbits 
in Sx are the gradient flow lines of fx- Thus, if 7, 7' E St, then (dj, 7') will be the same as that 
given by the Morse differential. 

Example. If M is a Seifert fibered space with singular fibers of orders si, s 2 , . . . , s n so that all its 
fibers are Reeb orbits, then all regular orbits have the same action T, and the singular orbits have 
actions ^L, . . . j-. If 7$ denotes the singular fiber of action ^, then Sr/^ is 7*. Moreover, /i(7i) is 
odd since the regular fibers rotate about the singular fiber. Hence | -y^ | = fJ,(ji) — 1 is even. 

The above examples will be explored in more detail in Section @J 
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4. The periodic case 

Suppose the contact 3-manifold (M, £) admits an open book decomposition (S, h) with periodic 
monodromy. Let c, be the fractional Dehn twist coefficient of the iih. boundary component and ip 
be the periodic representative of h. 

Theorem 4.1. If all the c,i are positive, then (M, £) 15 an S 1 -invariant contact structure which is 
transverse to the S 1 -fibers. 

A transverse contact structure £ (= transverse to the fibers) on a Seifert fibered space M with 
base B and projection map 7r : M — > B is said to be S l -invariant if there is a Reeb vector field 
i? of £ so that (i) each fiber ii~" l (p) is an orbit of R and (ii) a neighborhood of a singular fiber is a 
Z/mZ-quotient of S 1 x D 2 with the standard contact form dt + (3, where t is the coordinate for 
S 1 , (3 is rotationally invariant and independent of t, dp is an area form on D 2 , and the Reeb vector 
field is I . 

Proof. Suppose (S, h) is periodic. Let [3 be a 1-form on S satisfying d(3 > 0. We additionally 
require that, along each component of dS, (3 = ^-d(j), where <p is the angular coordinate of the 
boundary component equipped with the boundary orientation, and C > is a constant. If the 
periodic representative if) of h has order n (here Cj = ^, where fc, and n are relatively prime), we 
average (3 by taking 

1 n— 1 

Consider the [0, l]-invariant contact 1-form a = + /3 on S x [0,1]. Here t is the [0, 1]- 
coordinate. By construction, a descends to a contact form on N = (S x [0, l])/(x, 1) ~ {^{x), 0) 
and the corresponding Reeb vector field Ron S x [0, 1] is J^. The manifold iV is a Seifert fibered 
space whose fibers are closed orbits of R. Observe that a nonsingular fiber intersects S x {0} at 
n points. Although R is probably the most natural Reeb vector field, it is highly degenerate, i.e., 
for each p E S there is a corresponding closed orbit {p} x S 1 . Hence we are in the Morse-Bott 
situation. 

We then extend the contact 1-form to the neighborhood N(K) ~ S 1 x D 2 = E/Z x D 2 of each 
binding component K. Let us use cylindrical coordinates (z, (r, 6)) on N(K), so that the pages 
restrict to 6 = const. From the construction of a on N, dN(K) is (i) linearly foliated by the Reeb 
vector field R of slope cf, and (ii) linearly foliated by the characteristic foliation of £ of slope — ^, 
C > 0. Here we are using coordinates (j-, z) to identify dN(K) ~ IR 2 /Z 2 . 

Start with [0, 1] x D 2 with coordinates (z, (r,9)) and contact form a = dz + ^r 2 d9. Here 
^r 2 ^ is the primitive of an area form for D 2 and is invariant under rotation by 9 = 9 . Moreover, 
R=-§- z . Now glue {1} x D 2 to {0} x D 2 via a diffeomorphism which sends (r, 0) 1— > (r, 9 + 9 ) 
for some constant 9 . The Reeb vector field R will then have slope pick O so that q = 
Furthermore, if we adjust the size of the disk D 2 to have a suitable radius, then the characteristic 
foliation on d(S 1 x D 2 ) would have slope — ^. (For another, more or less equivalent, construction, 
see Section 16.2.31 ) 

By taking the n-fold cover of S 1 x D 2 we obtain a transverse contact structure on S 1 x D 2 which 
is fibered by Reeb vector fields and which does not have any singular fibers. This completes the 
proof of Theorem [4. 1[ □ 
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Theorem 4.2. If (S,h) has periodic monodromy, then (M, £) is tight if and only if h is right- 
veering. Moreover, the tight contact structures are Stein fillable. 

Let M be a Seifert fibered space over an oriented closed surface of genus g and with r singular 
fibers, whose Seifert invariants are — . Then the Euler number e(M) = V r , — 

Some of the contact structures will be (universally) tight contact structures on lens spaces, which 
we know are Stein fillable. 

Proof. By Theorem 11.41 h is right-veering if and only if all the q are nonnegative. Moreover, 
if any coefficient q is negative, then (M, £) is overtwisted. If some q = 0, then h must be the 
identity, since ij) is periodic. In this case (M, £) is the standard Stein fillable contact structure on 

x S 2 ). 

Hence it remains to consider the case where all q > 0. According to Theorem 14. 1[ (M, £) is 
^-invariant. According to a result of Lisca and Matic [LM], a Seifert fibered space M carries an 
^-invariant transverse contact structure if and only if the Euler number e(M) < 0. It is not hard 
to see that this ^-invariant contact structure is symplectically fillable and universally tight. 

Neumann and Raymond [' NRl Corollary 5.3] have shown that, if e(M) < 0, then M is the link 
of an isolated surface singularity with a holomorphic C*-action. Hence M is the oriented, strictly 
pseudoconvex boundary of a compact complex surface (with a singularity). Let £' be the complex 
tangencies TM D J(TM). The holomorphic C*-action on the complex surface becomes an S 1 - 
action on M. The vector field X on M generated by the S^-action is transverse to £', since JX is 
transverse to M. Hence X is a Reeb vector field for £', and £' is an ^-invariant transverse contact 
structure. Now, by Bogomolov [ |Bog | (also Bogomolov-de Oliveira HBdi Theorem (2')]), (M, £') is 



also a strictly pseudoconvex boundary of a smooth Stein surface. 

It remains to identify the 5 1 -invariant transverse contact structures £ and £' on M. By Lemma |431 
there is a unique 5 1 -invariant horizontal contact structure on M up to isotopy, once the fibering is 
fixed. By Hatcher HHatl Theorem 4.3], Seifert fiberings of closed orientable Seifert fibered spaces 
over orientable bases are unique up to isomorphism, with the exception of S 3 , S 1 x S 2 , and lens 
spaces. (The other items on Hatcher's list consist of M with boundary or identifications with 
Seifert fibered spaces over nonorientable bases.) All the tight contact structures on S 3 , S 1 x S 2 , 
and lens spaces are Stein fillable. □ 

Lemma 4.3. For any Seifert fibered space M with a fixed fibering, any two S 1 -invariant transverse 
contact structures are isotopic. 

Proof. Let % : M — » B be a fixed fibering and let £, £' be ^-invariant transverse contact structures 
on M. Given any point p in B (p may be a singular fiber), there exist small neighborhoods U, U' C 
B of p so that the holonomy of the characteristic foliation of £ on ix~ l (dU) and £' on 7r _1 (<9[/') 
agree. By taking a diffeomorphism of Z7 to U', we may assume that U = U'. Writing -k~ 1 {U) = 
S 1 x U with fibers S 1 x {pt} and coordinates (t, (x, y)), we may modify t \— > t + f(x, y) in a 
neighborhood of <9£7 so that £ = £' along 5* 1 x <9i7. The case of a singular fiber is similar. 

The rest of the argument is similar to that which appears in Giroux HGi2H . We now have S 1 - 
invariant transverse contact structures £ and £' on S 1 x B', where B' is a surface with boundary 
and £ = £' on S l x OB'. We may then write £ = ker(dt + 0) and £' = ker(dt + (3'), where (3 = (3' 
on S 1 x OB'. Here (3 and /3' are 1-forms on B' which are independent of t. We simply interpolate 
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by taking a s = dt + (1 — s)j3 + s(3'. Since d(3 and df3' are area forms on B', a s is a contact 
form. □ 

Theorem 4.4. If all the q > 0, then the cylindrical contact homology is well-defined. If the 
universal cover of M is IR 3 , then the cylindrical contact homology is nontrivial. 

Proof. If M — > B is the Seifert fibration by orbits of the Reeb vector field, then view the closed, 
oriented base B as an orbifold. Since we are disallowing the case when the page S = D 2 , B is 
always a good orbifold in the sense of Scott llScl Theorem 2.3], and admits a finite covering which 
is a closed surface with no orbifold singularities. Now, if we view a Seifert fibered space M as 
an orbifold circle bundle, then the pullback bundle of an orbifold cover n : B' — > B is a genuine 
covering space M' of M llScl Lemma 3.1]. Taking a closed surface B' with no singularities, we 
see that M' is a circle bundle over B' . The Euler number e(M) lifts to the Euler number e(M'), 
which is e(M) times the degree of the cover. Since e(M) < 0, it follows that e(M') < 0. 

Suppose first that £>' ~ S 12 . Then the universal cover M of M must be S 3 and the Reeb fibration 
becomes the Hopf fibration. In particular, there can be no contractible periodic orbit 7 of M with 
Conley-Zehnder index ^(7) = 2, since there is none in M. On the other hand, if g(B') > 1, then 

M ~ IR 3 . Since every fiber of M lifts to IR, there are no contractible periodic orbits 7 of M. In 
either case, the cylindrical contact homology is well-defined. 

Next we prove that if 7' winds m! times around a regular fiber and 7" winds m" times around a 
regular fiber, then there are no holomorphic cylinders in the symplectization from 7' to 7", provided 
ml 7^ ml' . If there is such a holomorphic cylinder in IR x M, then there would be a cylinder from 
7' to 7" in M. Since the cylinder has the homotopy type of, say, 7', it can be lifted to M' since 
regular fibers are not expanded under bundle pullbacks. Now e(M') < 0, so the homology class of 
a regular fiber is a generator of Z/ 1 e(M') I Z C H 1 (M;Z). If we take an n-fold cover B" of B', then 
the pullback M" satisfies e(M") = n ■ e(M'), and we can distinguish 7' from 7" homologically, 
provided n is sufficiently large. Analogous statements can also be made for multiple covers of 
singular fibers, by simply viewing a singular fiber as a suitable fraction of a regular fiber F. 

Now suppose that M = IR 3 . First suppose that B does not have any orbifold singular points. 
Then the orbits of smallest action are simple orbits around the S^-fibers, parametrized by the base 
B. Therefore, the portion of HC(M,£) with the least action is H*(B; Q), by Bourgeois' Morse- 
Bott theory sketched in Section [33] Next suppose that the orbifold singularities of S/ip have orders 
si, . . . , s m , arranged in nonincreasing order (these are the "interior" singularities). The orbifold 
singularities coming from the binding all have order n, where q = — as before. Hence the simple 
Reeb orbits corresponding to the singular fibers are j-, . . . , j^, ^ of a regular fiber F. They are all 
elliptic orbits and have even parity, so there are no holomorphic cylinders amongst them. Hence 
simple orbits around the singular fibers correspond to nontrivial classes in HC (M, £) . □ 

Remark 4.5. The techniques involved in proving Theorem \4.4\ are sufficient to completely deter- 
mine the cylindrical contact homology groups of the relevant contact structures. 

5. Rademacher functions 

We now define the Rademacher function and its generalizations. The usual Rademacher func- 
tion is a beautiful function on the Farey tessellation, which admits an interpretation as a bounded 
cohomology class in H%(SL(2,Z)). For more details, see llBGl iGGTl [G^2ll . The (generalized) 
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Rademacher functions are used to measure certain types of "lengths" of arcs in the universal cover 
S of a compact hyperbolic surface S with geodesic boundary. 

In this section we do not make any assumptions about the number of boundary components of 

S. 

5.1. The usual Rademacher function. Let S be a compact hyperbolic surface with geodesic 
boundary. We first triangulate S with geodesic arcs which begin and end on dS. Here the boundary 
of each "triangle" consists of three geodesic arcs (which may happen to coincide), together with 
subarcs of dS. (Henceforth we omit the quotes when referring to triangles. In general, when we 
refer to an n-gon, we will not be counting the subarcs of dS.) Let r the set of geodesic arcs of the 
triangulation that are not subarcs of dS. Also let f = 7r _1 (r), where n : S — > S is the universal 
covering map. 

The Rademacher function $ is a function f — > Z, defined as follows: Pick a reference arc a E f, 
and set $(a) = 0. Given a' E f, take an oriented geodesic arc 5 in S from a to a'. Then $(a') 
is the number of right turns taken minus the number of left turns taken along the path 5 from a to 
a'. In other words, if a', a", a'" E f form a triangle in S, where the edges are in counterclockwise 
order around the triangle, and we have inductively defined $(a') but not $(a") and $(a w ), then 
we set $(a") = $(a') + 1 and $(a'") = $(a') - 1. Here the induction is on the distance of the 
triangle from the reference arc a. 

Let us also define $(7), where 7 is an oriented arc with endpoints on a', a" E f, to be the number 
of right turns minus the number of left turns of a geodesic representative of 7. We will write 7 _1 
for 7 with reversed orientation, and 77' for the concatenation of 7, followed by 7'. 




Figure 1. The tessellation of the universal cover S of S and values of the 
Rademacher function on the tessellation (given right next to each edge). 

The Rademacher function has the following useful properties: 
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Lemma 5.1. Let a', a", a'" 6 r, 7 be a geodesic arc from a' to a" and 7' be a geodesic arc from a" 
to a'". Then: 

(1) $(7- x ) = -$(7)- 

(2) $(7) + $(7') = $(77') + 3e, where e = — 1, 0, 1, depending on the angles made by 7 and 
7'. 

Proof. (1) is immediate — a right turn becomes a left turn when traveling in the other direction. 

To prove (2), suppose first that a', a", a'" form a triangle in S. If a', a", a'" are in counter- 
clockwise order, then $(7) + $(7') = $(77') + 3; if a', a", a'" are in clockwise order, then 
$(7) + $(7') = $(77') — 3. We can then reduce to the above situation by applying (1) to subarcs 
of 7 and 7' that cancel. Observe that e = happens when either (i) the concatenation of 7 and 7' is 
already efficient with respect to f, i.e., 77' and its geodesic representative intersect f in the same 
number of times, or (ii) the sequence of arcs of f intersecting 7' is exactly the reverse of those 
intersecting 7 (or vice versa). □ 

5.2. Rademacher functions for periodic diffeomorphisms. We initially envisioned a more com- 
plicated proof of Theorem |4]4] which involved Rademacher functions. Although no longer logically 
necessary, in this subsection we describe Rademacher functions which are adapted to periodic dif- 
feomorphisms. 

Let if) be a periodic diffeomorphism on S and let S' be the orbifold obtained by quotienting S by 
the action of if). (For more details on 2-dimensional orbifolds, see llScll .) The orbifold S' will have 
the same number of boundary components as S, and m orbifold singularities. Assume 5" is not a 
disk with m = 1. Then cut up 5" using (not always geodesic) arcs from dS' to itself which do not 
pass through any orbifold singularities, so that the complementary regions are either (1) triangles 
which do not contain any singularities, or (2) monogons containing exactly one singularity. Denote 
the union of such arcs on 5" by r', their preimage on S by r, and the preimage in the universal 
cover S by f. The connected components of S — f are s-gons, where s > 1 (no monogons!). In 
particular, if we have a connected component of S — f which projects to a monogon containing a 
singularity of order s, then the component is an s-gon. 

We now define the (generalized) Rademacher function $ on the oriented geodesic arcs 7 of S 
which have endpoints on f. The function $ will now take values in Q instead of Z. We define $(7) 
to be the sum, over the set of s-gons P intersecting 7 in their interior, of Q(j\p), so we may assume 
7 to be an arc in P. Order the edges of P in r in counterclockwise order to be a , a%, . . . , a g _i. If 
7 goes from a to a,, then define 

$( 7 | P ) = 3 f M = 3 - -. 

Observe this formula agrees with the previous definition of the Rademacher function when f con- 
sists only of triangles. Also, it is possible that s = 2, in which case $(7|p) = 0. [It is instructive to 
compute &(j\p) if 7 connects a to tij and s = 7. In that case, the values are, in counterclockwise 

nrHpr JJi ^ ^ ^ 5 15 i 

uiuei, 7 , 7 , 7 , 7 , 7 , 7> j 

It is not difficult to see that the generalized $ also satisfies Lemma I5T1 Also observe that $ is 
invariant under if}. 
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5.3. Rademacher functions for pseudo-Anosov homeomorphisms. Let S be a compact ori- 
ented surface endowed with a hyperbolic metric so that dS is geodesic, and let ip be a pseudo- 
Anosov homeomorphism of S. The reader is referred to [FLPJ for the stable/unstable foliation 
perspective and to DBnUCBH for the lamination perspective. 

We will first explain the Rademacher function $ from the lamination perspective, and later 
rephrase the definition in the language of singular foliations. The well-definition of the Rademacher 
function and its properties are easier to see in the lamination context, whereas the characteristic 
foliations that we construct in Section [6] will closely hew to the stable foliation. 

In the geodesic lamination setting, $ of an oriented arc 7 : [0, 1] — > S is defined as follows: 
Let A = A s be the stable lamination and S be the union of all the prongs of S. Then isotop 7 
relative to its endpoints so that 7 is geodesic, or at least intersects S U A efficiently (assuming 7 
is not contained in S U A). Also let A and S be the preimages of A and S in the universal cover 
7r : S — ► S, and 7 be any lift of 7. Now consider the (open) intervals of Im(7) — (5 U A). Then 
$(7) is a signed count of intervals, both of whose endpoints lie on S. (We throw away all other 
intervals!) The sign is positive if the interval is oriented in the same direction as dS, and negative 
otherwise. Although there are infinitely many intervals of 1111(7) — (5 U A), the sum $(7) is finite. 
In fact, if Q is a connected component of S — (S U A) which nontrivially intersects dS, and Q is its 
lift to the universal cover, then the distance between two lifts Pj, Pj+i of prongs on dQ is bounded 
below. See Figure[2]for a sample calculation of $(7). We will usually blur the distinction between 
arcs and isotopy classes of arcs. 



Figure 2. The Rademacher function $ on the given arc is 1, with a contribution 
of 2 from the component d\ of dS and a contribution of — 1 from the component d 2 
of dS. Here the blue arcs are the lifts of the prongs. 

Proposition 5.2. The Rademacher function $ satisfies the following: 

(1) $ is invariant under ip; 

(2) $(7-!) = -$(7); 

(3) $(77') = $(7) + $(7') + e, where £ = -1,0 or 1; 

(4) Let 7 be an arc which parametrizes a component (dS)i ofdS, i.e., 7(0) = 7(1) and 7 
wraps once around (dS)i, in the direction of the boundary orientation of S. Tjf 7(0) G S, 
then $(7) = rii, where rii is the number of prongs along (dS)i, and 2/7(0) ^ S, then 

$(7) = m - 1. 
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Proof. (2) and (4) are straightforward. 

(1) Recall that ^ (A) = A. This implies that ip maps complementary regions of A, i.e., connected 
components of S — A, to complementary regions of A. In particular, an interior n-gon is either 
mapped to itself (its edges might be cyclically permuted) or mapped to another interior n-gon (with 
the same n). A semi-open annulus region A, i.e., n-gon with a disk removed, is also mapped to 
itself, and its edges cyclically permuted. We may also assume that the prongs along the boundary 
component (dS)i are cyclically permuted. 

Therefore, if 7 is a geodesic arc, then ^(7) is not necessarily geodesic, but at least intersects 
S U A efficiently. Moreover, ip is type-preserving: intervals of Im( 7 ) — (S U A) with endpoints 
on S get mapped to intervals with endpoints on S, and intervals without both endpoints on S get 
mapped to intervals without both endpoints on S. This proves (1). 

(3) First isotop 7 and 7' relative to their endpoints so that they are geodesic. Then lift 7, 7' and 
77' to S. We abuse notation and omit tildes, with the understanding that the terminal point of 7 is 
the initial point of 7', even in the universal cover. 

Suppose 7 and 7' can be factored into 7071 and 7q7^, respectively, where the initial point of 71 
and the terminal point of 7o lie on the same leaf L of A. In that case we may contract 717Q to a point 
on L, using (2) in the process. By successively shortening 7 and 7' if possible, we are reduced to 
the cases (i), (ii), (iii), or (iv) below. 

Let Q be a connected component of S — (S U A) which nontrivially intersects dS, and let Q' be 
a lift of an interior m-gon. 

(i) . Suppose 7 and 7' are arcs in Q'. There are no contributions from interior m-gons, so $(7), 
$(7'), and $(77') are all zero. 

(ii) . Suppose 7, 7' are arcs in Q, and all the endpoints of 7, 7' lie on dQ D («S U A). If 7(0) 
and 7'(1) lie on the same leaf of S U A, then $(77') = $(7) + 3>(t')- Hence we may assume 
that 7(0) and 7'(1) lie on distinct leaves. Depending on whether 7(0), 7(1) = 7'(0), 7'(1) are in 
counterclockwise order or not, we have $(77') = $(7) + $(7') ± 1. 

(iii) . Suppose 7, 7' are arcs in Q, and 7(0), 7'(1) lie on dQ fl («S U A), but 7(1) = 7'(0) does 



not. Then $(7) = $(7') = 0, and $(77') is or 1. (A similar consideration holds if two of 7(0), 
7 (1) = y(0),V(l) lie on <9Qn(SuA).) 



Next we translate the definition of $ into the singular foliation language. Let T s (resp. T u ) 
be the invariant stable (resp. unstable) foliation of S with respect to ip. We will take T = T s . 
The boundary of S is tangent to T, and T has singular points of saddle type along the ith 
component of (dS)i of dS. Here rii is also the number of prongs that end on the (dS)i in the 
lamination picture. Let S be the union of separatrices of the saddle points on dS that are not 
tangent to dS . (This set corresponds to the union of the prongs in the lamination picture.) Then 
S = 7r _1 (5) can be decomposed into a disjoint union of sets <Sa, where d is a component of dS 
and Sd is the union of components of S which intersect d. 



(iv). Suppose 7, 7' are arcs in Q, and 7(0), 7'(1) do not lie on dQ fl (S U A) 
and $(77') are all zero. 



Then $(7), $(7'), 
□ 
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Given an oriented arc 7 : [0, 1] — > S, we isotop it, relative to its endpoints, to an oriented 
arc 7' so that (i) 7' has efficient intersection with S, (ii) 7' is piecewise smooth, and (iii) each 
smooth piece is either transversal to T away from the interior singularities, or is contained in dS. 
Such an arc 7' is called a quasi-transversal arc, in the terminology of |[FLP[ Expose 5 (1.7)]. The 
proof of the existence of the isotopy is given in [FLP, Expose 12 (Lemma 6)]. To pass from the 
geodesic lamination A to the foliation T, we collapse the interstitial regions of A. If we take a 
geodesic representative 7" of 7, then the desired quasi-transversal arc 7' is the image of 7" under 
the collapsing operation. 

We now rephrase $(7) with respect to T. Given the arc 7, choose a quasi-transversal represen- 
tative 7' with the same endpoints, and let 7' be any lift of 7' to S. Then $(7) is the sum, over 
all components d of dS, of the signed number of intervals of Im(7') — Sd that do not contain an 
endpoint of 7'. The signs of the intervals are assigned as follows: positive if 7' is oriented in the 
same direction as dS along the interval, and negative otherwise. Alternatively, $(7) is the sum of 
the signed number of intersections of Sd with 7' minus one, if we have at least one intersection. 

The are also slight variants of $ described above. The simplest modification is to use the unsta- 
ble lamination instead of the stable one. Also, we can take the universal cover of S — Uj-Dj, where 
Di are small disks removed from interior n-gons; this version then also counts contributions along 
interior n-gons. However, our $ and its variants are "fake" Rademacher functions, which only 
register boundary rotations and discard all other intersections with n-gons. We close this section 
with a question: 

Question 5.3. Is there a "genuine" Rademacher function $(7) which is adapted to a stable ge- 
odesic lamination A s in the sense that it actually somehow sums the "left turn " and "right turn " 
contributions ofj, where the sum is over all the intervals 7 — A s . 



6. Construction of the Reeb vector field 

6.1. First return maps. Let S be a compact oriented surface with nonempty boundary, uj be an 
area form on S, and h be an area-preserving diffeomorphism of (S, uj). Suppose for the moment 
that h\g S is not necessarily id, but does not permute the boundary components. 

Consider the mapping torus E(£, h) of (S, h), which we define as (Sx [0, l])/(x, 1) ~ (h(x), 0). 
Here (x, t) are coordinates on S x [0,1]. If there is a contact form a on T,(S,h) for which 
da\sx{o} = ^ an d the corresponding Reeb vector field R a is directed by d t , then we say h is 
the first return map of R a . 

We are interested in the realizability of a given pseudo-Anosov ip as the first return map of some 
R a , after possibly perturbing ip near the singular points to make ip smooth. We summarize the 
following results from [CHQ : 

Fact 1. If h* — id : i? 1 (5'; R) — > H 1 ^; R) is invertible, then h can be realized as the first return 
map of some R a . Hence, a pseudo-Anosov homeomorphism ip (after a small perturbation near its 
singular points) isotopic to such an h can be realized as the first return map of some R a . 

Fact 2. On the other hand, there exist pseudo-Anosov homeomorphisms ip which (even after a 
small perturbation near its singular points) cannot be realized as the first return map of any R a . 



22 



VINCENT COLIN AND KO HONDA 



If ip is realizable, then we can use R a and avoid the technicalities of the rest of Section [6J If ip 
is not realizable as a first return map of a Reeb vector field R a , then there are two strategies: (1) 
Enlarge the class of vector fields to the class of stable Hamiltonian ones, as described in [BEHWZJ. 
The drawback is that one needs to prove invariance of the generalized contact homology groups 
using the bifurcation strategy, instead of the continuation method which is usually used in contact 
homology. (2) Carefully construct a Reeb vector field for which we have some control over the 
periodic orbits. The drawback of this approach is that the construction is rather complicated. Since 
the details of the bifurcation strategy do not exist in the literature at this moment, we opt for (2). 
This will occupy the rest of the section. 

6.2. Preliminary constructions. 

6.2.1. Construction of contact 1-form on S x [0, 1]. Let S be a compact oriented surface with 
nonempty boundary. Consider S x [0, 1] with coordinates (x, t). We will first construct a contact 
1-form a and the corresponding Reeb vector field Ron S x [0, 1]. 

Lemma 6.1. Given 1-forms ft, ft on S which agree near OS and which satisfy df3i > 0, i — 0, 1, 
there exist contact 1-forms a = a e and Reeb vector fields R = R £ on S x [0, 1], depending on 
e > sufficiently small, which satisfy the following properties: 

(1) a = dt + e/3 t , where ft, t G [0, 1], is a 1-form on S which varies smoothly with t. 

(2) R is directed by + Y, where Y = Y £ is tangent to {t = const}. 

(3) Y = in a neighborhood of (dS) x [0, 1]. 

(4) At points ie5 where ft and ft have the same kernel, Y is tangent to ker ft = ker ft. 

(5) The direction of the Reeb vector field R e does not depend on the choice of e > 0, as long 
as e is sufficiently small to satisfy the contact condition. 

(6) By taking e > sufficiently small, R £ can be made arbitrarily close to + Y. 

Proof. Let X ■ [0, 1] -> [0, 1] be a smooth map for which x (0) = 0, = L x'(0) = = 0, 
and x'{t) > for t E (0, 1). Consider the form 

Let us write uj t = (1 — x(t))d(3o + x(t)df3i- Observe that oj t is an area form on S. 
We then compute 

doc = £((1 - x(t))dPo + x(t)dPi + x'(t)dt A (ft - /3 Q )) 
= e(uj t + x'(t)dt A ((3,-/30)), 
a A da = edt A u t - e 2 x(t)dt A (3 A f3 x . 

If e is small enough, a satisfies the contact condition a A da > 0. 

The Reeb vector field R for a is collinear to +Y, where Y is tangent to the levels {t = const} 
and satisfies 

(6.2.1) i Y u t = x!(t)(J3 -p 1 ). 

(Verification: 

ia_ +Y da = e ■ ia_ +Y (uj t + x'{t)dt A (ft — ft)) = 

dt dt 

implies that 

i Y u t + x'W(ft - ft) - dt ■ x'(Wi ~ Po)(Y) = 0. 
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This separates into two equations 

iywt + *'(*) (ft -A>) = 0, 

x'm^-MY) = o. 

The first is Equation 16.2. 11 and the second follows from the first.) Observe that (3), (4), and (5) 
are consequences of Equation 16.2. 1[ To prove (6), observe that oi(jk + F) = 1 + e(3 t {Y). Then 

Re = \i+ep t (Y)\ > wn i cn approaches + F as £ ^ 0. □ 

6.2.2. Construction of contact 1-form on H(S,g). For notational simplicity, assume that dS is 
connected. Let (3 be a 1-form on S satisfying d(3 > 0. We say that (3 exits dS uniformly with 
respect to a diffeomorphism g : S ^ S if there exists a small annular neighborhood A = S 1 x [0, 1] 
of dS with coordinates (9, y) so that 

(1) OS = S 1 x {0} and (3 = (C - y)d6, where C is a constant > 0. 

(2) g restricts to a rotation (6, y) i— ► (6* + C", on 5 1 x [0, 1], where C" is some constant. 

Suppose (3 exits dS uniformly with respect to g. The easiest construction of a contact 1-form 
on E(5, (?) would be to set /3 — fl'*/^ = {g~ l )*(3 and /3i = /3, and glue up the contact 1-form from 
Lemma [67TI However, in this paper we will use a slightly more complicated 1-form, given below. 

Construction. Let f3 = g*(f £ >(3) = f s >(g*f3), f3\/ 2 = (3, and (3± = f £ /(3, where s' > is a 
sufficiently small constant. Here, f e > : S — > R is e' outside the small annular neighborhood A of 
95, and, inside A, is independent of 0, equals 1 for y e [0, e"], and satisfies < for y e (e", 1). 
We can easily verify that df e > A (3 > 0; hence f £ /(3 is a primitive of an area form on S. Then let f3 t 
be the interpolation between (3 and /3i/2 for t G [0, ~], given by 

(3 t = (1 - Xo(*))A) + Xo(t)/3i/ 2 , 

where Xo ■ [0, |] -> [0, 1] is a smooth map for which xo(0) = 0, Xo(|) = 1, Xo(0) = Xo(|) = 
and xb(t) > for t E (0, \). Similarly define the interpolation f3 t between f3i/ 2 and (3i for t G [|, 1] 
by 

A= (l-Xi(*))A/2 + Xi(*)^i, 

where xi ■ [|, 1] — > [0, 1] is a smooth map for which Xi(§) = 0, Xi(l) = 1, Xi{\) = xU 1 ) = 
and x'i(t) > for t G (|, 1). Then we set a e>e / = (it + e/3 f as in Lemma [6TT] It induces a contact 
form a £j£ / on £(£, p). 

Let cj t = c? 2 A, where d 2 indicates the exterior derivative in the 5-direction. Then the Reeb 
vector field R = R £ e i for a = a £>£ > is collinear to + Y, where Y — Y E i is tangent to the levels 
{i = const} and satisfies 

(6.2.2) i Y u) t = -fi t . 

Here a dot means 4. Observe that F does not depend on e (by (5) of Lemma [6TTI) and the direction 
of R £ £ i does not depend on e. By taking e sufficiently small as in (6) of Lemma [6T1 we can make 
R as close to + F as we like. 

Description of R £:£ >. Let Z be a vector field which directs ker /3. Fix a small neighborhood U C S 
of the singular set of /?. Also let A' C Abe. the set {0 < y < e"}. 
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Lemma 6.2. The Reeb vector field R £t£ > is directed by and is arbitrarily close to 4^ + Y £ i, provided 
e > is sufficiently small. The vector field Y e i satisfies the following: 

(1) Y £ i = on A' x [0, 1]/ ~. In particular, R £E i is tangent to dT*(S, g). 

(2) Y £ i = when t = and t = \. 

(3) On (S-A'-U)x (0, |), 1 g|| r -> -|g| uniformly, as e' -> 0. 

(4) On (S — A') x (~, 1), Y £ / z's parallel to and in the same direction as Z. 

One can think of the vertical projections Y of R as what happens in a "puffer machine": Between 
t — and £ = |, Y flows away from (9S 1 and is sucked towards the singularities of (3 along ker (3 
(with some error), and, between t — \ and t — 1, Y flows away from the singularities of /3 towards 
95* along ker /3 (with no error). 

Proof. This follows from Equation 16.2.21 First suppose t E [0, -]. Then 
(6-2.3) (3 t = XoW(A/2 - Po) = Xo(t)(P ~ fA9*P))- 

(1) follows from (3 t = by observing that /3o = A/2 on A'. Similarly, (2) follows from (3 t = by 
observing that Xo(^) = when £ = or t — |. We now prove (3). The vector field Y E i directs the 
kernel of f £ >(g*(3) — (3, since x'o(t) > when t E (0, |). In order for j^7~§i to make sense, we 
need Y £ i (x, t) to be nonzero — this is achieved by making e' sufficiently small and restricting to 
(S-A'-U)x (0, \). The uniform convergence of / £ /(#*/3) — (3 lo —(3 on {S — A — U) x. (0, |) as 

e' — > (note that we wrote A instead of A') implies the uniform convergence of ^ |^|| to — £H, 
on (5 - A - Z7) x (0, |). On the other hand, on (A - A') x (0, \), = -Jjgr already. 

The situation i G [|, 1] is similar and is left to the reader. □ 

6.2.3. Extension to the binding. Let S be the surface obtained by gluing an annulus A = S 1 x 
[—1, 0] to S so that S 1 x {0} is identified with dS. Let h : So —> So be & diffeomorphism which 
restricts to the identity on dS . Suppose h = h U g, where g is the diffeomorphism on S as above 
and ho : S 1 x [-1, 0] ^ S 1 x [-1, 0] maps (6, y) ^ (0 + C"(y + 1), y), where C is the positive 
constant which records the rotation about the boundary and 9 E S 1 = K/Z. 

Fix a 1-form (3 on 5 1 so that d/3 > and /3 exits (95 uniformly with respect to (7. Let a = a £>£ i and 
R = R £ £ i be the contact 1-form and Reeb vector field constructed on T,(S, g) as in the previous 
subsection. According Lemma l6\2l R = on dT,(S, g); hence dT,(S, g) is linearly foliated by R. 
Also the characteristic foliation of a along dH(S, g) is linearly foliated by leaves which are close 
to dS. 

We now extend a and R to the closed 3-manifold M which corresponds to the open book (So, h), 
by gluing a neighborhood N(K) of the binding to dH(S,g). Endow N(K) ~ K/Z x with 
cylindrical coordinates (2, (r, 9)) so that L> 2 = {r < 1}. The fibration of the open book is given 
on N(K) by (z, r, 9) 1— > 9. If we use coordinates ( j-, z) to identify dN(K) ~ M 2 /Z 2 , then i? has 
slope C > and ^|a(5i X D 2 ) nas slope — ^- for C £ ^> 0. We extend the contact form a £>£ ' to N(K) 
by an equation of the form a £ (r)dz + b £ (r)d9, where a £ (r) > and b £ (r) > 0. The characteristic 
foliation on {r = r } will then be directed by a £ (r )-^ — b £ (r )^. The contact condition is given 
by the inequality: a £ b' £ — a' £ b £ > 0. It expresses the fact that the plane curve (a £ (r), b £ (r)) is 
transverse to the radial foliation of the plane, and rotates in the counterclockwise direction about 
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the origin. The Reeb vector field is given by R £ = - b , \ a , b (b' e ^ — a' e Jg) . The boundary condition 

uniquely determines the values a e (l), b £ (l), a' £ (l) and 6^(1). In particular, these values depend 
smoothly on e. For all e, (a £ (l), b £ (l)) is in the interior of the first quadrant. Also, we require that 
(a £ (r), b £ (r)) lie on a line segment that starts on the positive #-axis and ends at (a e (l), b £ (l)), and 
is directed by (a' e (l), b' £ (l)). We then can extend a £ and b £ on [0, 1], so that a £ (r) = C 0i£ — C^ £ r 2 
and b £ (r) = r 2 near r = (where C 0)£ , C± j£ are appropriate positive constants which depend on 
e) and so that they depend smoothly on e. By construction R £ will linearly foliate the level tori 
{r = const > 0} so that the slope remains constant (= C). In particular, R will be transverse to 
the pages S x {t}, except along the binding 7 , which is a closed orbit of R. 

In the remaining subsections of this section, we will construct a suitable diffeomorphism g = 
ip' which is freely homotopic to a pseudo-Anosov homeomorphism ip, and a 1-form f3 which is 
adapted to tp. 

6.3. Main proposition. Let M be a closed, oriented 3-manifold and £ be a cooriented contact 
structure. Suppose that £ is carried by an open book with page S and monodromy h : S ^ S. 
Recall that h\es — id. For notational simplicity, assume that dS is connected. 

Suppose h is freely homotopic to a pseudo-Anosov homeomorphism ip with fractional Dehn 
twist coefficient c = -. Let (.P, /i) = (P s ,/i s ) be the stable foliation on S, and A > 1 be 
the constant such that ip^fi = A/i. The foliation T has saddle type singularities on dS, and the 
singular points of T on dS are denoted by xi,...,x n . (Here the subscript % increases in the 
direction given by the orientation of dS.) Denote the interior singularities of J 7 by yi, . . . , y q . 
The homeomorphism ip is a diffeomorphism away from these singular points. Also let Pj be the 
prong emanating from Xi, and let Qji, <5j2, • • • , Qj mj be the prongs emanating from yj, arranged 
in counterclockwise order about yj. 

6.3.1. N(dS). Let N(dS) C 5 be a neighborhood of with a particular shape: 

(1) d(N(dS)) — dS is a concatenation of smooth arcs which are alternately tangent to T u (the 
vertical arcs ai, . . . , a n , since they are transverse to T) and tangent to T (the horizontal 
arcs &i,...,6 n ). Here foj is between and a« + i, where the indices are taken modulo n, and 
there is a prong P starting at Xi which exits N(dS) through Oj. 

(2) Each transversal arc is divided into two subarcs by the prong Pj starting at Xj. We pick 
N(dS) so that all these subarcs have the same transverse measure 5 «C 1. (This becomes 
important later on!) 

(3) No horizontal arc fej is contained in any prong P, or Qjj. (This can be achieved by ob- 
serving that the intersection between a { and any prong is countable, and by shrinking 5 if 
necessary.) 

Let P/ be the first component of Pj fl (S — int(N(dS))) that can be reached from the singular 
point traveling inside p. By (3), P[ is a compact arc with endpoints on intia^) and some 
int(di'). Similarly, let Q'- x be the component of Qji fl (S — int(N(dS))) that begins at yj and ends 
on some int(dji). 

Next, endow each a, with the boundary orientation of S — int(N(dS)). For each a { , define a 
parametrization p { : [—5,5] — > a; sothatpj(— 5) is the initial point of a^p^S) is the terminal point, 
and the /i-measure from Pi(—S) to Pi(s) is s + 5. Let £ > be a sufficiently small constant so that 
all the leaves of T which start from Pi([—S, — 5 + e]) exit together along some and also avoid 
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the prong P[,. Also, for each i, define the map q t : [—5, 5] — > 95" so that (^(s) is the point on dS 
which is closest to Pi(s) with respect to the fixed hyperbolic metric. In particular, ^(0) = Xi and 
the geodesic through Pi(0) and %(0) agrees with the prong Pj, since the prong p is perpendicular 
to dS. Also let Pi(s)qi(s) be the shortest geodesic between Pi(s) and <fc(s). 

6.3.2. Walls. Let W be a properly embedded, oriented arc of S so that W fl N(dS) consists of 
exactly two components. The component containing the initial point is the initial arc of W, the 
component containing the terminal point is the terminal arc of W, and W fl (S — int(N(dS))) is 
the middle arc of W. We now define the walls W^l, W iyR for % = 1, . . . , n. The wall W^l (resp. 
W^i?) is a properly embedded, oriented arc of S which intersects N(dS) in two components. The 
initial arc of W i>L (resp. W iyR ) is the geodesic arc 5 + 5 + e) (resp. ^(5 — e)p,i(5 — e)), 
the terminal arc of W i>L is Pi'(sj,i,)?i'( s i,i<) (resp. Pi>(s itR )qii(s^ R )), and the middle arc is a leaf of 
•P|s-jnt(iv(as))- (We may need to take a C°-small modification of the geodesic arcs, so that the 
walls become smooth. From now on, we assume that such smoothings have taken place, with the 
tacit understanding that the arcs Pi(s)qi(s) are only "almost geodesic".) It is conceivable that, a 
priori, W i:L = W V ^ R for % ^ i', with opposite orientations. In that case, perturb e so that the walls 
are pairwise disjoint. 

6.3.3. N(yj). Now, for each j, we define N(yj) to be a sufficiently small neighborhood of Q'^ U 
• • • U Q'jm- in S — int(N(dS)) so that dN(yj) is a union of smooth arcs which are alternately 
vertical and horizontal, and so that N(yj) has the following properties: 

(1) N(yj) is disjoint from N(yj>) for j' ^ j; 

(2) N(yj) does not intersect any P(; 

(3) Each vertical arc of dN(yj) is contained in some int(ai) and is disjoint from Pi([—5, —5 + 
e]) and pi([5 -e,5]). 

(3) is possible since the horizontal arc b { is disjoint from all the prongs. 

6.3.4. S' and S". We now define the subsets S" C S' C S: 

S' = S-U^j^intiNiy^-intiNidS)), 
S" = ,S , -U 1 < l < n mt(iV(P/)). 

Here we take N(P[) to be a plaque of T, each of whose vertical boundary components is suf- 
ficiently short to be contained in the interior of some vertical arc in dS', and is disjoint from 

Pi ([-6,-6 + e]), Pi ([6-e,S\). 

6.3.5. Modified diffeomorphism ip'. Finally, we describe the diffeomorphism ip' : S ^ S, which 
is derived from and freely homotopic to the pseudo-Anosov homeomorphism ip, and agrees with 
ip outside a small neighborhood of N(dS) U ip(N(dS)). First consider the restriction ip : S — 
int(N(dS)) — > S with image S — ijj(int(N(dS))). Let gi be a flow on S which is parallel to 
the stable foliation, pushes ip(N(dS)) into N(dS), and maps ip(ai) inside a i+k . (Recall - is the 
fractional Dehn twist coefficient.) Next, let g 2 be a flow on S which is parallel to the unstable 
foliation and maps g 1 o ^(N(dS)) to N(dS). Observe that g 2 o g 1 can be taken to be supported 
in a neighborhood of N(dS) U ip(N(dS)). Now, ip' = g 2 o g 1 o ip is a diffeomorphism from 
S — int(N(dS)) to itself, and, by choosing gi and ^judiciously, we can ensure that the restrictions 
ip' : ai — > a i+k and ip' : bi — > b i+k are transverse measure-preserving diffeomorphisms. Hence we 
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can extend ip' to N(dS) by a rigid rotation about dS which takes Pi(s)qi(s) to Pi+k(s)q i+k (s). In 
the case k — 0, ip'\N(dS) ls the identity. 

6.3.6. Statement of proposition. Let 71 and 72 be two properly embedded oriented arcs of S with 
the same initial point x E dS. Let 71 and 72 be lifts to the universal cover S, starting at the same 
point x. We say that 7! is setwise to the left 0/72 and write 71 < 72, if 71 does not intersect the 
component of S — 72 whose boundary orientation is opposite that of the orientation of 72 . We make 
this definition to distinguish from the notion of [7^ being to the left of [72], where [7^, i = 1, 2, 
is the isotopy class of 7j rel endpoints. Having said that, in the rest of the paper, "to the left" will 
always mean "setwise to the left". (The same definition can be made when only one of the 7^ is a 
properly embedded arc of S, and the other is an arc which just starts at x.) 
We are now ready to state the main proposition of this section. 

Proposition 6.3. There exists a 1-form (3 on S with d/3 > such that the walls Wi t i, Wi t R, 
i = 1, . . . , n, are integral curves of ker (3, and satisfy the following properties: 

(1) Each wall contains exactly one singularity of (3. It is an elliptic singularity, and is in the 
interior of the initial arc or in the interior of the terminal arc. 

(2) Wi^ (resp. W it R) is to the left (resp. to the right) of the prong P;. 

(3) W iiL (resp. W ijR ) is to the left of ip' (W^l) (resp. to the right of 'f '{Wi- k>R }). 

(4) f3 exits dS uniformly with respect to tp'. 

(5) The initial and terminal arcs of (ip')~ l (Wi,L) and (^ / ) _1 (W /7 «,r) are integral arcs of ker (3. 

(6) Suppose ip' maps an initial ( resp. terminal) arc of (/0') _1 (W»,£) to an initial ( resp. terminal) 
arc ofWi^L- If both arcs contain elliptic singularities, then ijj' matches the germs of these 
elliptic singularities. The same holds for (■0 / ) _1 (W 1 - ) b) and W^r. 

When comparing W 7 ^ with Pi, we concatenate Pi with a small arc from qi(—5 + e) to Xi, and 
assume Wi^ and Pi have the same initial points (and similarly for Wi^R and Pi). 

The proof of Proposition [63] occupies the next two subsections. In Subsection l6.4l we construct 
the 1-form [3, and in Sub section [63] we verify the properties satisfied by the walls. 

6.4. Construction of (3. 

Step 1. (Construction of (3 on S".) The surface S" has corners and carries the nonsingular line 
field J^ls"- 

Claim 6.4. The restriction of T to S" is orientable. 

Proof. All the corners of S" are convex, except those which are also corners of N(dS). Each 
concave corner Pi(±5) is always adjacent to a convex one of type Pi(s), obtained by removing the 
neighborhood of a prong; moreover, such an assignment defines an injective map from the set of 
concave corners to the set of convex corners. Let C be a connected component of 5"'. Since the 
foliation T is either tangent to or transversal to every smooth subarc of dS", if we smooth dC, 
then for every boundary component Cj of dC, the degree of T along is 

deg(jF, dci) = -((jjconcave corners} — (jjconvex corners}) < 0. 

Therefore we see that ^ 0' an d C is either a disk or an annulus. Moreover, in the case of an 
annulus, the degree of T must be zero on the two boundary components. The claim follows. □ 
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From now on, fix an orientation of !F\gi>. The transversal measure for T\s» on S" is now given 
by a closed 1-form v which vanishes on T\gi> and satisfies ip^v = Xv. The measure of an arc 
transversal to J z \s" is given by the absolute value of the integral of v along this arc. We stipulate 
that v(Y) > if (X, Y) is an oriented basis for TS at a point and X is tangent to and directs F\s"- 

The surface S" can be covered by interiors of finitely many Markov charts of T in S—int(N(dS) ) 
(Here we are using the topology induced from S — int(N(dS)).) It suffices to consider charts of 
type R = [-1, 1] x [S , S ] and R' = ([-1, 1] X [-<?„, S ]) - (h§, §] * Ho, 0)), where 5 > 
is small and we use coordinates (x, y) for both types of charts. Here we take v = dy; in particular, 
this means T = {dy = 0}. Moreover, we require {±1} x [—So, 5q] to be subarcs of vertical arcs 
of dS' for both R and R'\ {±|} x [-6 , 0] to be subarcs of vertical arcs of d(N(dS)) for R'; and 
[-§,§] x {0} to be a horizontal arc of d(N(dS)) for R'. 

On each chart U = R or R', let f v be a function R — >■ E-° (resp. R' — > R-°) which satisfies: 

(1) f v = on [-1, 1] x {-do, M (resp. ([-1, 1] x {-S , 5 }) n 

(2) ^L( a; , 2/ )>OforyG(-5o,5o). 

If we sum the forms fudy over all the charts U, we obtain a form v' on 5"' with dv' > 0. Now 
consider the form @ — v + e v' = Fv, where e > 0. We have d(3 > 0, since dv — and rfz/' > 0. 
Observe that [3 is defined in a slight enlargement of S", and the desired (3 is (3\s». 

Step 2. (Extension of (3 to 5 in the absence of interior singularities.) Suppose there are no interior 
singularities. We first state and prove a useful lemma. 

Lemma 6.5. Consider the rectangle R = [— 1, 1] x [—Si, Si] with coordinates (x, y). Let (3 = Fdy, 
F > 0, be the germ of a 1-form on dR which satisfies ^ > 0. Then (3 admits an extension to R 
with the properties that d(3 > and P{-§-) > if and only if f QR (3 > 0. 

Proof. The condition f dR (3 > is clearly necessary by Stokes' theorem. We check that it is 
sufficient. Let </>_i : [— Si, Si] — > [—Si, Si] be an orientation-preserving diffeomorphism for which 
4>*_i(3(—l, y) = c-idy, where c_i > is a constant. Similarly define <pi so that 4>\(3(1, y) = cidy 
with ci > c_i. Take an isotopy X rel endpoints between </>_i and 0i, and define 4>{x,y) = 
(x, <f> x (y))- Now, there exists a 1-form C7c??/ near 9i? which agrees with 4>*{(3). We may extend G 
to all of i? with the property that ^ > 0. Now let (3 = (p*{Gdy) . □ 

Next consider the walls W^l, W^r, i = 1, . . . ,n. The walls are pairwise disjoint, and are 
disjoint from P[, as well as the portions of Py D N(dS) of type (0)^/(0), for all %' . Moreover, we 
may assume that leaves the union of the initial arcs of W^l (resp. W^r), i = 1, . . . , n, invariant. 

Step 2A. Consider the region B^i of N(dS) which is bounded by the initial arcs of Wi-i t n and 
Wi ; L, the arc and an arc of dS. Assume without loss of generality that, with respect to 
the orientation on J-\s", is oriented from a^_i to Oj. Our strategy is as follows: Start with 
F'\s" — F\s n , extend T' to a singular Morse-Smale characteristic foliation on B^i, and construct 
a 1-form (3 with d(3 > so that ker [3 = T' . 

Consider a characteristic foliation T' on a small neighborhood of B^i with the following prop- 
erties (see Figure [3]): 

• The initial arc of W, t ^ R is a nonsingular leaf which points out of dS. 

• The initial arc of W^l is an integral curve with one positive elliptic singularity ej_i on it. 
We place the ej_i so that Property (1) of Proposition l6.3l holds. 
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• int(i?j_i) contains a positive hyperbolic singularity where the stable separatrices 
come from ej_i and from Pi-i(5 — e 2 ) on Oj_i, and the unstable separatrices go to OS and 
Pi(-5 + £ 3 ) on a*. 

• By making 62 > small enough, we have 

(6.4.1) / pU(3< [ p*(3. 

J[8-e 2 ,S] J[-S+e 3) -5\ 

• The foliation points out of S along dS. 



Oi-i Pi-i(6 — e) 








6j_i ^/ 




Wi-i,a\ 








/fti-i "* 




95 1 / / 




r 



Figure 3. The kernel of the 1-form /3 in the region between the walls Wi-iR 
and W^l- The walls are orange arcs. 

We now explain how to extend (5 to B^i so that ker (3 is the above characteristic foliation and 
d(3 > 0. This procedure follows Giroux's construction in HGi2[ Proposition 2.6]. The form (5 can 
be defined in a neighborhood of hi-\ and ej_i, and, provided /3 is sufficiently large on the boundary 
of the neighborhood of the extension to small neighborhoods of the separatrices and initial 
arcs of Wi-i t R and W^l is immediate. The complementary regions are all foliated rectangles. All 
but one have one vertical edge either on dS or on <9iV(ej_i), and easily satisfy the conditions of 
Lemma l631 The condition that (5 exit uniformly with respect to ip' is also easily met, on the portion 
that is defined. The remaining component is a rectangle whose vertical edges are small retractions 
of Pi-i([5 — £2, S]) and Pi([—S + e 3 , —5]). Observe that the conditions of Lemma [63] also hold for 
the remaining rectangle, thanks to Equation |6.4.1[ Now we can apply Lemma [631 and extend (5 to 
all the rectangles. 

Step 2B. Next, for each i, we extend the horizontal arcs of d(N(P!)) inside N(dS) by geodesic 
arcs to dS. More precisely, let Pi(si), Pi(s 2 ), Pi' (S3), Pi'(si) be the four corners of N(P[), where 
S\ < S2 and S3 < S4. Extend the horizontal arc Pi(si)pi>(s<i) by geodesic arcs Pi(si)qi(si), 
Pi' (54) 9i' (54) to obtain the arc d^L which is properly embedded in S. Similarly, extend Pi{s2)Pi' (S3) 
by geodesic arcs Pi(s 2 )gj(s 2 ), Pi'(s3)qi'(s 3 ) to obtain d ijR . Let A4 C S be the strip which lies be- 
tween di t L and d ijR . We extend T' = ker (3 to A4. There are two cases: 

(1) The orientations of !F\s" agree on d iiL r\d(N(P()) and d^ R nd(N(PD). This situation is given in 
Figure|H In this case, we extend the characteristic foliation T' to N(P[) so that it coincides with T 
on N(P!) and the orientation agrees with that of F\s'i along d i>L f) d(N(P()) and d itR n d(N(P()). 
There are two remaining rectangles R to and i?f rom in A4 to be foliated. The rectangle R to (resp. 
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Figure 4. Construction of T' near Rf mm . 



-Rfrom) has a vertical edge in common with N(Pf), along which T' exits (resp. enters) N(P[). On 
R to , the foliation T' consists of geodesic arcs from pyis) to qi>(s), for s G [s 3 , s 4 ], by switching 
i, i' if necessary. On -Rf rom , we place a positive elliptic singularity on each of and 
Pi(s2)9i(s2) so that the two geodesies become integral curves. Next we place a positive hyperbolic 
singularity in the interior of -Rfrom , so that both stable separatrices come from the two elliptic points 
and the unstable separatrices exit through dS and dN(P[). Also, we arrange so that T' exits from 
S along dS fl A4. The extension of (5 to A4 as a 1-form with kernel T' subject to the condition 
d(3 > follows from Lemma [631 and the considerations in Step 2A. 

(2) The orientations of T\s» on d^L fl d(N(P()) and fl d(N(P[)) are opposite. Without loss of 
generality assume that T' is oriented from Pi(si) to j9j/(s 4 ). Place an elliptic singularity between 
Pi(si) and qi(si), and between Pi'(s 3 ) and qi'(s 3 ), so that c?j L and d i:R are integral curves of T' . 
Next, place a hyperbolic singularity in the interior of one of the components of A4 — N(P-). Its 
stable separatrices come from the elliptic singularities on d^i and d^R, and its unstable separatrices 
exit S along the two distinct components of A4 fl dS. We can extend the foliation T' to all of Ai 
without adding any extra singularities and so that J-'\N(Pi) ls a Reeb component. See Figures |5] 
and[6]for the ends of Aj. Finally, extend j3 to A4 as before. 

Step 2C. After Steps 2A and 2B, we are left with rectangles 1Z in N(dS) whose vertical edges are 
on a, and on OS and whose horizontal edges are of type p(s)q(s). We subdivide the rectangles by 
adding horizontal edges so that the W i:L , W i:R and (^'^(W^l), (ip')* 1 (W^r) become integral 
arcs of ker f3, i.e., Property (5) of Proposition |63] is satisfied. Observe that the initial arcs of Wi l 
and Wi t R are already integral arcs by Step 2A, and the initial arcs of ( < 0') -1 (^ / i,i)' (^l^i^i^) are 
the same as the initial arcs of Wi_k,L and Wi_k,R by the definition of ip'. Hence we only consider 
the terminal arcs. 

Letp^^Si^), p Mi) (s i:R ), (^') _1 (P0L(i)( s i^))' and (V'')~ 1 (P*H(i)( s i,«)) betne initial points of 
the terminal arcs of W i:L , W i:R , {i>')~ l {Wi^ L ), and Here <p L , 4> R are some functions. 

By construction, P^cMs^l) is on the boundary of some rectangle 1Z. If the orientation of T' at 
P(j> L {i)( s i,L) points into 1Z, then extend T' and (5 so that T' is tangent to and nonsingular along 
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Figure 6. 

the horizontal edge P^ L u){s^i)q^ L u\{s^i)- If the orientation points out of 1Z, then extend T' and 
(3 so that p<p L (i)(s i: L)q<i, L (i)(si : L) is an integral curve containing an elliptic singularity. Next, if 
P<f> L (i)-k( s ') — (V ,, )~ 1 (P<M*)( s *.-0) * s on me boundary of some rectangle 1Z, then T' and (3' can be 
extended similarly. If p^^^s') is inside some Ayr, then let W be a properly embedded arc in S 
obtained by concatenating g^ (i )_ fc (s / )p^ w _ fe (s / ), the leaf of Fls-inHNQS)) through 
and a terminal arc of type Pi"{s")qi"(s"). We then modify JF' by erasing T'\a-,,i extending T' 
to W so that is an integral curve which contains an elliptic singularity, splitting Ay into two 
annuli along W, and applying the procedure in Step 2B to each of the two annuli. The cases of 
P<t> R (i)(si,R) and f(P4, R (i)(si, R )) are treated similarly. 

Finally, the extensions of T' and (3 to the interiors of the rectangles are identical to the extensions 
to R t0 and -Rf rom in Case (1) of Step 2B. 

We remark that the extension of (5 can be chosen so that (3 exits dS uniformly with respect to ip'. 
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Step 3. (Extension of (3 to S in the presence of interior singularities.) We now explain how to 
extend (3 to N(yj). Let us denote the vertical boundary components of N(yj) by Ci, . . . , c mj and 
the horizontal components by di, . . . , d mj (both ordered in a counterclockwise manner), where the 
prong Qji is between di and di + i and intersects q. Here we orient di by JF'. For a fixed j, extend 
by geodesies to dS as before, and denote them by d[. Now let Cj D N(yj) be the subsurface of 
S bounded by d' 1: . . . , d' m .. Refer to Figure [71 



<■■> 




Figure 7. Description of T' on N(yj). 



We extend T' to Cj as follows: Place an elliptic singularity at yj. Next, place a hyperbolic 
singularity on the prong emanating from yj, if and only if at least one of di, di + i enters the 
region S — int(N(dS)) along q. In this case, the prong Q'- { is contained in the union of the stable 
separatrices. If both d\ and d i+ i enter S — int(N(dS)) along q, then the unstable separatrices exit 
N(yj) along q_i and Otherwise, one unstable separatrix exits along q and the other exits 
along q_i (resp. q + i) if d\ (resp. di + i) enters S 1 — int(N(dS)) along q. Finally, we complete T' 
and /3 on N(yj) without adding extra singularities, and then extend to Cj using the models of R t0 
and -Rfrom (FigureSJ) from Case (1) of Step 2B, and Figure[5]from Case (2) of Step 2B. 

As in Step 2C, if there is an initial point of a terminal arc of (ip')* 1 '(W^l) or {^^{W^r) which 
lies in N(yj), then we may need to insert extra arcs of type W and redo the construction of T' and 
(3. 

This completes the construction of (3 on S. 

6.5. Verification of the properties. In this subsection we prove Properties (l)-(6) of Proposi- 
tion [63] Properties (1) and (4)-(6) are clear from the construction. 

(2) We compare W^l and P*. The wall W iy i is initially to the left of (More precisely, Pi(— 5 + 
z)qi(-5 + e) is to the left of Pi(0)g*(0).) On S - N(dS), W i)L and P[ are leaves of JF, and they do 
not cross. If there is some prong Pj or Q'- k that intersects p»([— S + e, 0]), then W^ L and Pj bifurcate 

in the universal cover S and never reintersect. Otherwise, Wi^(S— N(dS)) and pfl(S'— N(dS)) 
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are parallel paths in S. Let p^ (s) be the "other" endpoint of W^i R (S — N(dS)), i.e., the one that 
is not Pi(—5 + e). 

If s > 0, then we claim that the prong P[, is between W^i and P[. Indeed, first observe that the 
transverse distance between W^l and P[ is S — e. Now, in Section l6.3.1[ e > was defined so that 
all the leaves of T which start from Pi([— 5, — 5 + e]) exit together along some and also avoid 
P[,. Hence s < 5 — e and s ^ 0. This means that P- intersects ay at Pi'(s') with s' < 0, and the 
prong P[, is between W^l and P[. 

Therefore s < 0, and Pi continues to the right while W^l enters N(dS) and exits along OS. 

(3) Assume without loss of generality that ip(xi) = Xj. To compare W^l and ^'(W^l), we first 
compared = W iiL n(S-N(dS)) mdip(W). Here, ip{W) and ip'(W) = ip'{W iiL )n(S-N(dS)) 
agree outside a neighborhood of N(dS). The initial point of W is Pi(— 5 + e) and the initial point 
of ip(W), projected to along T, is pi(j(—5 + e)). As in (2), if there is a prong Pj or that 

intersects Pi([— 5 + e, j(— 5 + e)}), then W and ip(W) bifurcate in S. Hence the same can be said 
about W and ip'(W). 

Otherwise, let Pi'(s) be other endpoint of W as in (2). If s > 0, then let Pi>(s") be the first 
intersection of ip(W) with ay. Observe that ip(W) is longer than W, with respect to the transverse 
measure fj, u , so s" cannot be in the interval [— t(6 — e), t(8 — e)} if W and ip(W) fellow-travel. If 
s" > 0, then we necessarily have s" G [0, j- (5 — e)\, since the distance s — s" = (1 — — e). This 
is a contradiction. Therefore, s" < 0, which indicates a bifurcation. Now suppose s < 0. Let us 
parametrize W (resp. ^(W 7 )) by the /i n -distance from the point £>j(— 5 + e) (resp. Pi(jr(— 5 + e))). 
Then either ijj(W) does not intersect aj/ at time fx u (W), or intersects a v at Pi>(s") at time ^ U (W), 
where s" G [—5, 5 + e)). The possibility s" G [t(— <5 + £), 0] has already been ruled out. The 
wall Wi t L enters ay and exits along OS, whereas ip(W) is "to the right" of ip(ay) and hence tp'(W) 
is pushed "to the right" of by_i. 

This concludes the proofs of Properties (2) and (3), and also the proof of Proposition [6Jl 
6.6. Calculation of $. First observe the following: 
Lemma 6.6. 

Pi-i < w^r < wy l {Wi- 1+k , R ) < W)-\w^ 1+2k , R ) <... 

■ ■ ■< W)-\w l+2KL ) < {4>r\w t+KL ) < w itL < p % . 

Recall that a < b means a is to the left of b. Also, c = - is the fractional Dehn twist coefficient, 
where n is the number of prongs. 

Proof. By Proposition [631 Pi-i < W^r and il>'{Wi-i tR ) < Wi- 1+ktR . Hence Wi- 1}R < 
(^'^(Wi-i+k^R), and the first row of inequalities holds. Similarly, the second row of inequal- 
ities holds. Next, Wi-i jR < W^l- (Reason: Wi-i jR is initially to the left of W^l- In order for them 
to reintersect, Wi-i jR n(S- int(N(dS))) and W i)L n (S - int(N(dS))) must both have endpoints 
on the same ay. This implies the existence of a monogon, which is a contradiction.) Repeated 
application of (^') ~ x gives (^') j (W^ 1+jk>R ) < (^') ~ j (W i+jk>L ) . □ 

Consider a trajectory Q of the type 

(6.6.1) Q = 7i((^)" 1 (7 2 )) • • • ((^)" m+2 (7 m -i))((^)" m+1 (7 m ))- 
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The trajectory Q is said to be an ideal trajectory if, for each i, 7, : [0, 1] — > S is tangent to T' and 
does not pass through a singular point, and 7«(1) = (ip')~ 1 ( , yi+i(0)). 

Proposition 6.7. IfQ is an ideal trajectory, then $(Q) = 0. 

Proof. Assume without loss of generality that ij)(xi) = Xi. (This is just for ease of indexing.) 

We argue by contradiction. Suppose that $(Q) < 0. (The case > is similar.) We lift 

to the universal cover n : S — ► S. A tilde placed over a curve will indicate an appropriate lift to 
S. Then a lift Q of Q in S must intersect two consecutive prongs Pi and Pj_i which start from 
the same component L of dS, in that order. Also choose a lift ■?// : S — > S of tp' which fixes L 
pointwise. 

Assume 71 (0) is strictly to the right of the lift W^l, whose initial point is between the initial 
points of Pi and P{-\ on L. (The modifier "strictly" means 71 (0) is not on W^l-) Then, since 
the trajectory is ideal, 71 (1) is also strictly to the right of W^l,. Next, (tp')' 1 (W^l) < W^l, so 
7i(1) = ("00 1 (72(0)) is strictly to the right of {^')~ l {W iy L). Again, since the trajectory is ideal, 
<y) _1 (72(l)) is strictly to the right of {^')~ 1 (W itL ). Eventually we prove that (^') _m+1 (7 m (l)) 
is strictly to the right of (4>T m+ \W itL ). Since P;_i < (^')" m+1 (WU) by Lemma^ it follows 
that Q cannot cross from P { to Pj_i, a contradiction. 

An equivalent proof (the one we use in the general case) is to consider the sequence 71, ... , 7 m , 
where ^'(^(l)) = 7j + i(0). First, 71 is strictly to the right of W^l- Hence ip'(ji) is strictly to the 
right of ip'iyV^L) and also strictly to the right of Wi t L- This implies that 72 is strictly to the right 
of Wil- Repeating the procedure, -y m is strictly to the right of W^l- Shifting back by (ip')~ m+l , 
(^')- m+1 (7 m (l)) is strictly to the right of (ip')~ m+1 {W i;L ), a contradiction. □ 

Let (3 be the 1-form on S constructed in Section |6\4l and let a £:£ i and R £ £ i be the contact 1-form 
and Reeb vector field constructed in Section 16.2.21 using (3. Define a genuine trajectory Q to be a 
concatenation of the type given by Equation 16.6.11 where each 7, is the image of a trajectory of 
i? £)£ / from t — to t — 1, under the projection ir : S x [0, 1] — > S onto the first factor. 

Proposition 6.8. Given N ^> 0, for sufficiently small e, e' > 0, any genuine trajectory Q of R £je i 
with m < N satisfies & (Q) = 0. 

During the proof, a leaf of a singular foliation is understood to be a maximal integral submani- 
fold which does not contain a singular point. 

Proof. Let Q be a genuine trajectory. Suppose each 7^ : [0, 1] — > S is parametrized by t. We prove 
that a lift Q of Q cannot cross Pi and Pj_i, as in Proposition l6.7[ 

Case 1. Suppose that tp' matches the germ of an elliptic point on {ij)')" 1 {W^l) to the germ of an 
elliptic point on W^l- Recall that, by Property (6) of Proposition 16.31 the germs of the elliptic 
singularities are matched by ip' if the initial arcs (or terminal arcs) of {i)')~ l {Wi £) and W it L both 
contain elliptic singularities. 

We first recall Lemma l6?2l Let U be a small neighborhood of the singular set of ker/3. On 
(S-U)x [0, ], given 5q > small, there exists e 1 > 0, so that, at points where Y £ i is nonzero, 
I Tp^j + Z\ < 5 , where Z is a unit vector field which directs ker (3. On S x [|, 1], Y £ , directs ker f3, 
at points where Y £ < is nonzero. 
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Let Ui t L be the connected component of U which, after possibly shrinking U, satisfies the fol- 
lowing: 

• U iy i is a small disk which is centered at the elliptic point of W^l- 

• ker (3 = kex(ip')*(3 on U^l. 

The second condition holds since tp' matches the germs of the elliptic singularities of (VO H^l) 
and Wi t L- This implies that an arc 7 : [0, 1] — > U^i which is tangent to Y e > does not jump from one 
leaf of ker (3\u iL to another leaf. 

Next let N t *L = ([0, 1] U [2, 3]) x [-r, r]cS-f/bea foliated neighborhood of W ifL n(S-U) 
with coordinates (x,y), so that y = const are leaves of ker/3 and y = is W^l D (S — U). 
See Figure [8j Since the lengths of leaves of ker/?^ L are bounded, there exists a constant K 
(independent of e, e') so that any arc 7 : [0, 1] — > S — U which is tangent to Y e < and passes through 
{y — Vo} must be contained in {max(«/ — K5 , — r) <y< min(yo + K8q, t)} U (S — N ijL — U). 
We then take 8q sufficiently small so that NK5q < r. In other words, N it L is the protective layer 
of W^l which makes it hard to cross W^l when e' is small. 




Figure 8. The neighborhood of the wall W^ L . 



The initial point 71 (0) must be strictly to the right of Pj and also disjoint from N it L corresponding 
to W i: i- By the considerations of the previous two paragraphs, 71 ([0, 1]) fl N ijL C {r — K8 < y}, 
where we are taking y > to be to the right of W^. Observe that, since 'yi | [1/2,1] is tangent to 
ker (3, it does not jump leaves. 

Next, 72(0) = ^'(TiW)- Since $'(Wi-k,L) is to the right of W i>L , 72 (0) is further to the right 
of 7i(l). In particular, if 72(0) is in N ijL , then its ^/-coordinate is greater than or equal to that of 
7i(l). Now apply the same considerations to 72 to obtain that 72 ([0, 1]) fl N ijL C {r — 2K5 < y}. 
Continuing in this manner, we find that j m ([0, 1]) fl N ijL C {r — mK5 < y}. If m < N, then 
t — mK8 > 0. Hence the entire trajectory Q must be to the right of (ip')~ m+1 (W i+ ^ m ^i-)k,L), 
which, in turn, is to the right of -P,_i. 

Case 2. Suppose that the initial arc of W^l contains an elliptic point, whereas the initial arc of 

{il)')- X {Wi, L ) does not. 

The difference with the previous case is that % can now switch leaves inside U i; L. Consider 
coordinates (x, y) on U i:L so that W itL fl U iiL = {y = 0}, W i:L is directed from x > to x < 0, 
(3 = xdy — ydx, and f £ 'ipl/3 = e'{u{x)dy), with > and u > 0. We also suppose that being 
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locally to the right of W iyL means y > 0. We compute that 

M'*P ~ P = {-x + e'u(x))dy + ydx, 
which is directed by Y' = {—x + e'u(x))-^ — y-j^. If e' is sufficiently small, then the elliptic point 
of fe'ip'*P — (3 is contained inside U^l- Suppose T-il [0,1/2] enters U^l at x < 0, y > 0. Comparing 
with the vector field x-^ + y-j^ which directs ker (3, we see that 7^ [1/2,1] exits U iy L along a leaf of 
ker P which is further to the right of W^l, since — x + e'u(x) > —x. If x > and y > 0, then 
Til [1/2,1] w iU ex it U^l along a leaf of ker (3 which is closer to W^. However, this does not present 
any problem, since initial arc of W^l is an integral arc of both (3 and (ip')*P, and Lemma I6TTT 4) 
implies that 7, cannot cross the wall W^l along the initial arc. 

The same proof holds when the terminal arc of W^i contains an elliptic point and the terminal 
arc of (/0 / )~ 1 (W / i,i') does not. □ 

7. NONDEGENERACY OF REEB VECTOR FIELDS 

In this section we collect some results on perturbing the contact 1-form to make the correspond- 
ing Reeb vector field nondegenerate. 

We start with the proof of the following well-known fact (see for example [HWZ6, Proposi- 
tion 6.1]). 

Lemma 7.1. Let a be a contact form on a closed 3-manifold M. The set of smooth functions 
g : M — ► (0, +00) for which the form ga is nondegenerate is a dense subset ofC°°(M, (0, +00)) 
in the C°° -topology. 

Proof Fix N > 0. We consider the set Gn of functions g : M — > (0, +00) for which all the orbits 
of the Reeb vector field R ga of ga of period < iV are nondegenerate. 

We first claim that is open. First observe that the union T< N of all closed orbits of R a of 
action < N is closed, and hence compact. Next, any closed orbit which comes sufficiently close 
to an orbit 7, all of whose multiple covers with period < iV are nondegenerate, is a long orbit, 
i.e., has action > N. (A sequence of closed orbits of period < N converging to 7 implies that 
the return map for some multiple cover of 7 before time N has 1 as eigenvalue.) It is therefore 
possible to cover T< N by finitely many sufficiently small disjoint solid tori Ui, . . . , C/ fe , together 
with security neighborhoods Vi, . . . , 14, so that, if D(r) is the disk of radius r centered at the origin 
and S 1 = R/Z, then: 

(1) For all 1 < i < k, V { ~ S 1 x D(2) and V { D U, ~ S 1 x int{D(l)); 

(2) S 1 x { (0, 0) } is a nondegenerate periodic orbit of R a of action < N, and is the only periodic 
orbit of action < iV inside VJ; 

(3) R a is transverse to the foliation by horizontal disks on V^; 

(4) For any 6 G S 1 = M/Z, all the orbits which start from {6}x D(l) stay inside Vi at least for 
an amount of time greater than N + 1 and thus at least until the first return to {9} x D(2), 
which occurs before time N + e. 

Any sufficiently small perturbation R ga will still have a single nondegenerate orbit, amongst those 
that start from {9} x D(l). This follows from the transversality of the graphs of the return maps 
with the diagonal of ({9} x D(l)) x ({9} x D(2)). (The same considerations also hold for 
multiple covers of the nondegenerate orbit of period < N .) If Z = M — U* =1 C/j, then there is a 
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small constant r > so that no orbit 5 : [0, N] — > M which is strictly contained in Z has two 
points ti,t 2 sufficiently far apart, so that 5(ti) is within r-distance of 5(t 2 ). This implies that a 
sufficiently small perturbation will not create any new periodic orbits of action < N. This proves 
the claim. 

Next we prove that Gn is dense in C°°(M, (0, +oo)). It suffices to show that there exists a 
sequence of functions /„ going to zero, so that 1 + f n e Gn for all n £ N. Let {C/j}f =1 be an open 
cover of T< N and Vi be the security neighborhood of C/j, satisfying (1), (3), (4) in the previous 
paragraph. As in the previous paragraph, if we make a sufficiently small perturbation of a, we do 
not create orbits of action less than N outside Ui<j< fc C/j. 

We first modify a on Vi . Let C > so that the first return occurs at a time strictly greater than 
C. We take an embedding [0, C] x -D(|) — > Vi so that {0} x £>(§) is mapped to the horizontal disk 
{0} x D{\) C S 1 x D(2), and so that, if t is the coordinate of the [0, C] factor, ^ = R. We may 
also assume that a = dt + (3, where (3 is a 1-form on -D(f) which is independent of t, /3(0, 0) = 0, 
and P is small on D(|) (by taking the Vj to be sufficiently small to start with). If / is a function on 
M with support on [0, C] x D(|), then 

+ /)«) = (d 2 / - A dt + (1 + 

where d 2 means the exterior derivative in the direction of D(|). Provided d 2 f 3> on [0,(7] x 

-D(l) (which is the case for our specific choice of / below), is parallel to + X, which 
approximately satisfies 

%xdp - 



l + f 

Now we can look at a family of deformations corresponding to functions which are zero outside 
of [0, C] x D{\) and given by 

fa,b( x ^y^) = Xi(t)X2(V x2 + V 2 )(ax + by) 
inside, where (t,x,y) are coordinates on [0,(7] x -D(§), Xi an d X2 are positive cut-off functions 
such that the 2-jet of xi is at t = and t = C, X2GO, 1]) = 1, and xi — near §• This gives a 
sequence of families (i^ fe )i<i< p , with 1 < p < ^ + 1, of /-th return maps which are transversal to 
the diagonal in ({0} x D(l)) x ({0} x D{2)) as families: the transversality is obtained by looking 
at derivatives of F l ah in (a, b) variables at (a, b) = (0, 0). 

The transversality of the families F l a b implies that the fixed points of F l a b are nondegenerate for 
a generic (a, b) € IR 2 . Thus we can find a function / a b as small as we want so that the periodic 
orbits of period less than N of R gia , g\ — 1 + which are contained in XJ X , are nondegenerate. 
Next, we deform gia on V 2 , by multiplying a function (? 2 which is very close to 1, so that the orbits 
in U\ of period < iV remain nondegenerate and all the periodic orbits inside U 2 of period < 
become nondegenerate. The density of G^ follows by induction. 

Now the proof of the lemma follows by looking at (In^Gn, which is a dense Gs-set. □ 

Lemma 7.2. Given N ^> 0, there is a C°° -small perturbation of a £)S i so that the perturbed Reeb 
vector field R satisfies the following: 

(1) All the closed orbits of R with action < N are nondegenerate; 
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(2) The binding 7 and its multiple covers are nondegenerate periodic orbits of R; 

(3) All other orbits of R are positively transverse to the pages of the open book; 

(4) All the orbits near 70 lie on the boundary of a solid torus whose core curve is 70 and have 
irrational slope on the solid torus. 

Proof. Recall the functions a £ (r) = C 0>£ — C l£ r 2 and b £ (r) = r 2 from Section [6.2.31 We can 
slightly modify a £ {r) near r = by replacing C\ :£ — > Ci >£ + r, where r is a small number so 
that the ratio b' £ (r) : becomes irrational. Hence (2) and (4) are satisfied. Also, (1) and (3) are 
satisfied for orbits near 70. Finally, the procedure in Lemma ITTI can be applied to M — N("f ) to 
yield (1) and (3). □ 

The following lemma is used in the proof of Corollary 12.61 

Lemma 7.3. Let a be a contact 1-form on a closed 3-manifold M. If a is degenerate and has 
a finite number of simple orbits, then for any N ^> there exists a smooth function which is 
C°° -close to 1 so that all the periodic orbits of R 9Na of action < N are nondegenerate and lie 
in small neighborhoods of the periodic orbits of R a ( and hence are freely homotopic to multiple 
covers of the periodic orbits of Raj- 
Proof Let Ui, . . . , Uk be the neighborhoods of the simple orbits S 1 x {(0, 0)} and V%, . . . , V& be the 
security neighborhoods as in Lemma lTTTl taken so they are sufficiently small and mutually disjoint. 
As before, on Z = M — U^ =1 C/j, any sufficiently small perturbation will not create any new orbits 
of action < N. The perturbations inside the Vi will make the Reeb vector field nondegenerate. □ 

8. HOLOMORPHIC DISKS 

Let h be a diffeomorphism which is freely homotopic to a pseudo-Anosov representative ip and 
let S be a page of the open book decomposition. For each boundary component (dS)i of dS, 
there is an associated fractional Dehn twist coefficient q = ^, where n-i is the number of prongs. 
Let a E ,£> be the contact 1 -forms and R £:£ i be the corresponding Reeb vector fields constructed in 
Section [6l Recall that the direction of R £ ^ does not depend on e, provided e is small enough 
that the contact condition is satisfied. In what follows we assume that a £i£ > is nondegenerate, by 
applying the C°°-small perturbation given in Lemma I7T2] Let (R x M, d(e t a £;£ ')) be the symplec- 
tization of (M, = ker a £j£ /) and J £ £ > be an almost complex structure which is adapted to the 
symplectization. We have the following theorem: 

Theorem 8.1. Suppose the fractional Dehn twist coefficient C4 > — for each boundary component 
(dS)i. Given N ^> 0, for sufficiently small e, e' > 0, no closed orbit 7 of R £j£ ' with action 
J &e,e' < N is the positive asymptotic limit of a finite energy plane u with respect to J £ , £ >. 

We will usually say that 7 which is the positive asymptotic limit of a finite energy plane u bounds 
u. Theorem 18.11 implies that: 

Corollary 8.2. Suppose q > — for each boundary component (dS)i. Given N ^> 0, for suffi- 
ciently small e, e' > 0, the cylindrical contact homology group HC<n(M, a £)E /) is well-defined. 

Outline of proof of Theorem Iff. 1 1 Without loss of generality assume that OS is connected. Fix N ^> 
0. By Proposition 16.81 for sufficiently small e,e' > 0, any genuine trajectory Q of R £j£ > which 
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intersects a page at most N times satisfies $(Q) = 0. Also, for e small, the number of intersections 
of a closed orbit 7 with a page of the open book is approximately the same as the action A a ^ (7), 
provided 7 lies in S(S, ip'). Fix sufficiently small constants e, e' > so that the above hold, and 
write a = a S)E >, R = R e ,e', £ = £e,e'» an d ^ = ^e,e'- We will prove that no closed orbit of R in 
S(S', which intersects a page at most N times bounds a finite energy plane, and that no closed 
orbit in M — T,(S, ip') bounds a finite energy plane. 




Figure 9. The disk V. The labelings indicate the image of the given boundary arc 
under the map u. 



We argue by contradiction. Suppose there exists a nondegenerate orbit 7 of R which bounds 
a finite energy plane u = (a, u) : C — ► K x M. Assume in addition that 7 is not a cover of 
the binding 70, oriented as the boundary of a page. By construction, 7 is transverse to the pages 
of the open book. After perturbing u if necessary, we may take u to be positively transverse to 
70 . The holomorphicity of u ensures that there are no negative intersections. Now let iV(7o) be a 
sufficiently small tubular neighborhood of 70, one which depends on 7. By restricting to M— N(j ) 
and reparametrizing, we view u as a map u from a planar surface P to M — N{^q). Here P is 
obtained from a unit disk D by excising small disks which consist of points whose images lie 
in iV( 7 o). Next identify M - N(j ) ~ (S' x [0, l])/(x, 1) ~ (h(x),0), where S' Q is a small 
retraction of the page S . Cut M — iV(7 ) open along S' x {0} and project to S' via the projection 
7r : S' x [0, 1] — > onto the first factor. Then we obtain the map tc o u : V — > 5q, where P is a 
disk obtained from P by making cuts along arcs as given in Figure|9j The cutting-up/normalization 
process will be done in detail in Section I8T1 In Section W2\ we prove Proposition 18 .61 which states 
that ir(u(dT>)) cannot be contractible if c > -. This is proved using the Rademacher function $ 
which is adapted to T, and relies on the fact from Proposition 16.81 that $ of a genuine trajectory 
Q is zero. This gives us the desired contradiction. The case when 7 is a multiple cover of 70 is 
similar. □ 
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8.1. Cutting up the finite energy plane. The type of argument we are using first appeared in 
HCHU Annexe]. The discussion in this subsection does not depend the specific diffeomorphism 
type of h. 

Suppose there exists a nonconstant finite energy plane u = (a, u) : C — > R X M which is 
bounded by 7. We will slightly modify u to get a map u : D 2 = {\z\ < 1} — > M. Let w be the 
coordinate for C and z be the coordinate for D 2 . Also let II : TM = Ri2©£ — > £ be the projection 
toe 

The following summarizes the results of Hofer-Wysocki-Zehnder [HWZ1 J, tailored to our needs: 

Proposition 8.3. There exists a smooth map u : D 2 — > M which is bounded by 7 and satisfies the 
following: 

• ^\int(D 2 ) i s immersed away from a finite number of points in int(D 2 ). 

• u(z) = u(Rz) for large R > and \z\ < r < 1. Hence (a(Rz),u(z)) is holomorphic on 
the subdisk {\z\ < r }. Moreover, {\w\ < Rr } contains the set of nonimmersed points of 
u. 

• At points where u is immersed, u is positively transverse to R. 

• u(z) £ Im(7) for r < \z\ < 1. 

Proof. Let R/Z x D 2 be a small neighborhood of Im(7), where D 2 is a disk of radius 5 > and 
7 maps toIR/Zx{0}. Let k be the multiplicity of 7, i.e., the number of times 7 covers a simple 
orbit. When restricted to \w\ 0, u(w) maps to R/Z x D 2 and has components («o(w), Ui(w)). 
Then, according to [HWZ1, Theorem 1.4], 

• u (re 2mt ) asymptotically approaches k t, with error term 0(e~ Cr ). The same holds for all 
the derivatives of u . 

• ui{re 2mt ) = e^ r i [E(e 2mt ) + F{re 2mt )}, where p, : [r±, 00) — > R is a smooth function 
which limits to A < 0, E(e 2mt ) is a nowhere vanishing function with values in IR 2 , and 
F{re 2mt ) is the remainder term which approaches uniformly in t for all derivatives, as 
r — » 00. (The function E(e 2ntt ) is an eigenfunction of a suitable operator with eigenvalue 
A.) 

We note that some care is required in choosing the coordinates on R/Z x Z} 2 . 

We now reparametrize it : C — > M. Consider the map <p '■ int(D 2 ) — > C, (r, 9) 1— > (f(r), 9), 
where /(r) = i?r forr < r , /'(r) > 0, and /(r) = j^- nearr = 1. Thenletw = uo<j) on int(D 2 ) 
and u(e 2mt ) = (k t, 0). The above asymptotics guarantee the smoothness of « : D 2 — > M. 

The first and last statements follow from [HWZ1, Theorem 1.5], which states that (i) II o is 
nonzero (and hence u is an immersion) away from a finite number of points and that (ii) u intersects 
7 at finitely many points. □ 

The map u, restricted to int(D 2 ), either intersects 70 transversely and positively or intersects 70 
at a point where IT o =0. The following lemma allows us to restrict to the former situation. 

Lemma 8.4. There exists a perturbation vofu with small support inside int(D 2 ) so that v is 
positively transverse to R away from isolated complex branch points and is positively transverse 
to7 . 

We emphasize that u and v are no longer holomorphic everywhere. 
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Proof. Suppose without loss of generality that ilou*(0) = and Tt(0) G 70. Let [—1, 1]xD 2 cM 
be a small neighborhood of u(0) = (0, 0), where the Reeb orbits are [—1, 1] x {pt} and [—1, 1] x {0} 
is a subarc of 70. Now restrict the domain of u to a small neighborhood D\ = {\z\ < e} of and 
write u = (w , where u is the component that maps to [—1, 1] and u\ is the component that 
maps to D 2 . Define a smooth function / : D 2 — > E which satisfies the following: 

• f(z) = 5 on \z\ < e" . 

• f(z) = on \z\ > £' '. 

• I f'\ is small on D 2 . (This means that 5 must be a very small positive number.) 

Here < e" < e' < e. Then define v(z) = (u (z),ux(z) + f(z)). On \z\ < e", we are simply 
translating the holomorphic disk; this does not affect the trans versality with R. Now, provided |/'| 
is sufficiently small, the transversality on e" < \z\ < e' is unaffected. The point near z = which 
intersects 70 is distinct from the point z = at which Uov* = 0. □ 

The map v from Lemma [8~4l will be renamed as u. 

Suppose that 7 does not cover 70. By this we mean 7 7^ 70 and 7 is not a multiple cover of 
70 . Since 70 intersects u transversely, there is a small neighborhood N("y ) of 70 so that u(D 2 ) H 
d(M — iV(7 )) is a union of circles, each of which intersects d(S' x {pt}) exactly once. Let P 
be the planar subsurface of D 2 obtained by excising all z E D 2 such that u{z) G int{N{^o)). We 
write dP = d P + d\P where d P maps to 7 and the components of d\P map to d(M — N(j )). 

Now take S' Q = S' Q x {0} and consider the intersection of S' and u(P). Observe that u\ P is 
already transverse to S' Q x {t} in a neighborhood of dP, for all t. Next, by Sard's theorem, there 
exists S' Q x {e} which is transverse to u\ P with e arbitrarily small. By renaming the it-variable (i.e., 
translating 1 1— > t — e), we may assume that S' = S' Q x {0} and u\ P intersect transversely. We now 
have the following: 

Lemma 8.5. The intersection P (7 m _1 (S'q) is a union of properly embedded arcs and embedded 
closed curves in P which satisfy the following: 

(1) The embedded closed curves bound disks in P. 

(2) There is an arc a>i which is the unique arc to connect the ith component ofd\P to 8qP. 

Order the a, so that their endpoints in d P are in counterclockwise order, and order the compo- 
nents of d\P using the a,. Also, a* is oriented from d\P to 8qP. 

Proof. Let S be a closed curve of P (7 w _1 (5'o). Then 5 cuts off a planar subsurface Pq whose 
boundary consists of S, together with components of d\P. Now consider the intersection pairing 
with S' . Since (u(5), S' ) = but each component of u{d\P) intersects S' negatively, it follows 
that<9P = <5- 

Now if (7, S' ) = m > 0, then there must be m endpoints of P r\u^ 1 {S'o) on d P and 1 endpoint 
each on the m components of d%P. If the arc a« which begins at the ith component of d\P ends 
on another component of d\P, then there must be an arc from d P to itself. This would contradict 
(7, S' Q ) = m. The lemma follows. □ 

Take an embedded closed curve of P fl (S' ) in P which bounds an innermost disk D . Then 
u(D ) can be pushed across S' Q by either flowing forwards or backwards along R (depending on 
the situation). In this way we can eliminate all the embedded closed curves of P (7 m _1 (S'q) in P. 
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Now cut P along the union of the arcs in P PI u^ 1 {S'q) to obtain a disk V. We now have a map 
u : V ^ S' x [0,1]. After cutting open at one point, u(&D) is given by: 

(8.1.1) «(9P) = /r 1 ^ 1 )/?!^! ■ • • h~ 1 ( y a^ l 1 )p m a m 'y m , 

where oli refers to oti x {0}, c^" is a* with the opposite orientation, h~ 1 (a~ ) refers to ftT^cc^ 1 ) x 
{1}, 7^ are components of the Reeb orbit 7 cut along S' x {0}, and $ are arcs of the type {pt} x 
[0, 1] where pt G dS' . See Figure|9l 

Next we compose u with the projection n : S' x [0, 1] — > S onto the first factor. Then the curve 
ir(u(&D)) C S' is decomposed into consecutive arcs: 

(8.1.2) 7r(u(&D)) = h~ 1 {a,x 1 )aYyi ■ ■ ■ h' l (a^)a m ^ m , 

where the 7, are actually 7r(ji). Also note that the $ project to points. 
Rewrite Tr(u(dV)) as: 

(8.1.3) ir(u{&D)) = h- 1 ^ 1 )^- 1 ^ 1 )^ ■ ■ ■ h-'i^mQ', 

where Q' = /i m_1 (7i)/i m_2 (72) • • • 7 m is the projection S' Q x [0, m] — > S' onto the first factor of a 
lift of 7 to S'0 x [0, m) and 

£1 = oci, 

8.2. Noncontractibility. Let h : S'0 S be a diffeomorphism with /i|a5 = fractional Dehn 
twist coefficient c = -, and pseudo-Anosov representative ■0. Writing S = A U S, we may 
assume that h\ s = ip' and /i|^ is a rotation/fractional Dehn twist by c. Also let /i : S S be a 
homeomorphism which is isotopic to h relative to dS , so that h \ s = ip. 
In this subsection we prove the following proposition: 

Proposition 8.6. Suppose 7 does not cover 70. If k > 2, then 7 does not bound a finite energy 
plane. 

Suppose 7 C S(S, ip')- If 7 bounds a finite energy plane u, then we can cut up the finite energy 
plane to obtain V which satisfies Equation 18.1.31 If we apply h~ m+1 to Equation 18.1.31 then we 
obtain: 

(8.2.1) r : = h- m+i (7r(u(dv))) = / i - 1 (cr 1 )Ci^ 1 (c 2 " 1 )C2---/ i - 1 (c 1 )Cmg. 

HereCi = /i~ m+1 (&) and 

Q = lxh-\l2) ■■■h- m+ \ lm ) 

= 7iW 1 (7 2 )...(^ , )~ m+1 (7j 

is a concatenation of the type appearing in Equation 16.6. 11 The goal is to prove that Y is not 
contractible. 

The key ingredient to proving the non-contractibility of V is is the Rademacher function $ with 
respect to the stable foliation T . Let (8, y) be coordinates on A = S 1 x [—1, 0] so that S 1 x {0} 
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is identified with dS. Pick a retraction p : S — > 5 which sends (6*, y) i— > (0, 0). If r is an arc in 
S , then we define <3>(r) = $(p(r)). 

Lemma 8.7. Le? 77 &e an arc on Sq. Then $(/i _1 (?7 _1 )?7) = k — 1 or k. 

When we compute $ values, we often suppress p and write r to mean p(r). 

Proof. First observe that the arc h 1 {r] ~ l )ri is isotopic, relative to its endpoints, to the concatena- 
tion ?/'~ 1 (?7~ 1 )5?7, where 5 is a subarc of dS. 

Next lift ip~ l {ri~ l )8rj to the universal cover S. We place a tilde to indicate a lift. Let ift be an 
appropriate lift of ij) so that ij)' 1 (r)~ l )8rj is the chosen lift of ip~ 1 (v~ 1 )^V- Let <i be the component 
of OS which contains 8. Recall that <S d is the union of prongs P that emanate from d. We orient 
each component P of Sd so that it points into S. 

If necessary, we perturb the initial point of rj (and hence the terminal point of so 
that the endpoints of 8 do not lie on Sd- In that case, <£>(<5) = k — 1, since $ of an oriented arc 
on d is the oriented intersection number with Sd minus 1 when the contribution is positive, and 
plus 1 when it is negative. If the terminal point of rj lies on Sd, then the whole of ?/'~ 1 (?7~ 1 )5r/ 
can be isotoped onto d via an isotopy which constrains the endpoints to lie on Sd- In this case, 
^(^o (v 1 ) r ?) = k. Assume otherwise. Then we can isotop rj while fixing one endpoint and 
constraining the other to lie on d, so that rj becomes disjoint from Sd- We may also assume that rj is 
a quasi-transversal arc. By the ^-invariance of Sd, it follows that (r]~ l ) is also disjoint from Sd- 
Hence the contribution of d towards &(ip~ 1 (r]~ 1 )8r]) is — 1. Moreover, there is no concatenation 
error if we use the rj as normalized above. Since $(^ _1 (?7 _1 )) = —&(v) by Proposition 15 .2[ it 
follows that $Oq 1 {r]- 1 )ri) = k - 1. □ 

Let x be the initial point of Q. Then Equation 18 .2.1 l ean be written as: 

(8.2.2) r = R'K'im^viK 1 ^ 1 ^ • • • K^v^VmQ, 

where R' is the path g\hQ l (g 2 ) ■ ■ ■ hQ m+l {g m ) which joins h~ m (x) to m (x), and 

Vm Cm ) 

T)m—1 Cm—igrrii 
Vm-2 — Cm-25'm-l^'O 

Here g { is a path from /r^Cf ^(x) to l (& l )(x) so that h.- 1 ^ 1 ) = ft^o^C 1 )- 

In what follows, we pass to the universal cover So of S . Choose a lift of ir(u(dV)). Let m be 
the lift of Hq m which sends the terminal point of the lift of h^ 1 (r]^ 1 )^^ 1 (r]^ 1 )^ ■ ■ ■ 1 (r]^ n 1 )r] m 
to its initial point. We may decompose it as 

where the Hq \ is the lift of 1 which sends the terminal point of rji to the terminal point of rji-\. 
Also let hr m = o h^-i ° • • • ° h^ 1 be the lift of h~ m which coincides with h^ m near dSo, and 
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let (ip')- m = (ip')' 1 o • • ■ o OJ)" 1 and ip~ m = ip~ l o • ■ ■ o ip^ 1 be the restrictions of h~ m and h m 

to S. Now the arc P' is an arc which joins h~ m (rj m (l)) to hQ m (r} m (l)) in 5 . 
Assume that ip(xi) = Xi, again for ease of indexing. 

Lemma 8.8. Suppose ip~ m and (ip')~ m are isotopic lifts of ip~ m and (ip')~ m , with m > 1. If 
p G S and ip~ m {p) is to the left of a lift Pi of Pi, then (ip')~ m (p) is strictly to the left of the lift of 
(if)')~ m (W i)R ) which starts near Pi on the same component ofdS. 

The same holds if we replace all occurrences of "left" by "right". 

Proof. If ip~ m (p) is to the left of a lift P, of Pi, then p is to the left of ip m {Pi). Since ip m {Pi) is 
a prong, p is strictly to the left of the lift Wi ;R of W^ R which starts near it (as ip m (Pi) < W i;R ). 

Applying (■?//) ~' m to p and Wi jR , the lemma follows. □ 

Corollary 8.9. Suppose %p~ m and {%p')~ m are isotopic lifts of%p~ m and {jp')~ m , with m > 1. For 
any p G S, the path g_ m p from ip~ m (p) to (ip')~ m (j>) satisfies $(g_ miP ) = 0. 

Proof. Suppose &(g p ) ^ 0. Then g-m tP needs to cross two consecutive prongs Pi and Pj + i which 
emanate from the same component of OS. Suppose, without loss of generality, that ip~ m (p) is to the 



left of P { and O')~ m 0°) is to the right of P i+1 . This contradicts LemmalMl since (ij')~ m (Wi :R ) < 
Pi+i. □ 
We now prove Proposition 18 .61 

Proof of Proposition^^ Suppose that 7 C £(£, ip'). By Lemma[8]7l $(/i 1 (rjJ 1 )rj j ) > k - 1 for 
all j. By (3) of Proposition [521 we deduce that 

$(^0 \ri2 l )V2 ■ ■ ■ h l (r]- l )ri m ) > m(k - 1) - (m - 1). 

Since k > 2, the right-hand side of the inequality is > 1. Hence we know that there exist con- 
secutive lifts Pi and P i+1 starting on the same component d of dS, so that the initial point and the 
terminal point of a lift of the arc h^ 1 ^ 1 )^ . . . hQ l (r]p^)r] m are respectively strictly to the left of 
Pi and strictly to the right of Pj + i. 

As we saw in the proof of Proposition [6781 the endpoint of Q (= the endpoint of the lift T of T) is 

then strictly to the right of (ip')~ m+l (W i+ i^), which starts on d between P and p + i, provided < 
m < N. Now, by Lemma [Ol the initial point of R' (= the initial point of Y) is strictly to the left of 

(ip')- m (Wi, R ), which starts on d between P and P i+1 . Since (ij')- m (W itR ) < (ij')~ m+1 (W i+hL ), 
it follows that T is not contractible, which is a contradiction. 

Next suppose that 7 lies in M — T,(S, ip'). In this case, we retract Y using p : S —> S; this time 
the endpoints of are moved to dS. The rest of the argument is the same. This concludes the 
proof of Proposition |8.6[ □ 

Case when 7 covers 70 . Finally consider the case when 7 covers 7 Q . Let iV(7 ) be a small tubular 
neighborhood of 70 so that (II o u*)(q) 7^ for all q with u(q) G A r (7 ). Also, by Lemma 17721 we 
may take <9iV(7 ) to be foliated by Reeb orbits of irrational slope c, where <9iV(7 ) is identified with 
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R 2 /Z 2 so that the meridian has slope and dS' has slope oo. Consider M— iV(7 ) = S' x [0, 1]/ ~ 
as before. As u\i n t(D 2 ) is transverse to the Reeb vector field R away from finitely many branch 
points, it follows that the component 5 of u(D 2 ) fl -/V( 7o ), parallel to and oriented in the same 
direction as 7 in u(D 2 ), would have slope — which satisfies m < ~. On the other hand, all 
the other components of u(D 2 ) fl <9-/V( 7o ) — those that bound meridian disks in N(j ) and are 
oriented as d(u(D 2 ) fl (M — N(j ))) — intersect S' negatively. Since the oriented intersection 
number of d(u(D 2 ) fl (M — -/V( 7o ))) with S'0 is zero, it follows that m > 0. Now, m = is 
impossible, since 5 could then be homotoped to dSo and u(D 2 ) to a disk in So. If m > 0, then 
we can apply the analysis of this section with a slightly smaller disk whose boundary maps to 5. 
This time, &(Q) will contribute positively, making Q(u;(u(dV)) more positive. This concludes the 
proof of Theorem [8TTJ 

9. HOLOMORPHIC CYLINDERS 

In this section we give restrictions on holomorphic cylinders between closed Reeb orbits. We 
say that there is a holomorphic cylinder from 7 to 7' if there is a holomorphic cylinder in the 
symplectization K x M whose asymptotic limit at the positive end is 7 and whose asymptotic limit 
at the negative end is 7'. 

Let V £>£ i be the set of good orbits of R £j£ >. A periodic orbit 7 which is an m -fold cover of the 
binding 70 will be written as m 7o- Let V^® be the set of good orbits which are not mo7o for any 
m . In other words, they nontrivially intersect the pages of the open book. We now define the 
open book filtration F : Vf®, — » N, which maps 7 to the number of intersections with a given 
page. (This filtration was pointed out to the authors by Denis Auroux.) Denote by 75 any periodic 
orbit in V>®, such that F{^ b ) = b. The following lemma shows that the boundary map is filtration 
nonincreasing. 

Lemma 9.1. There are no holomorphic cylinders from 7& to 7^ ifb < b'. 

Proof. The holomorphic cylinders intersect the binding positively. (We may need to perturb the 
holomorphic cylinder to also make it intersect the binding transversely.) If there is a holomorphic 
cylinder u from 7& to 75', then there is a map u : P — > M — AT (79), obtained by a cutting-up 
process given in Section [97TI By examining the intersection number of du(P) with S' x {0}, we 
see that b > b'. □ 

The main theorem of this section is the following: 

Theorem 9.2. Suppose Ci > ^- for each boundary component (dS)i. Given N ^> 0, for sufficiently 
small e, e' > 0, there are no holomorphic cylinders from 7 to 7' if f a £>£ >, J , a £>£ > < N, and one 
of the following holds: 

(1) 7 = lb, 7' = lb', and b ^ b'; 

(2) 7 = 76 and 7' = m 7 ; 

(3) 7 = m 7o and 7' = 

(4) 7 = m 7o, 7' = rai7o, and m ^ m\. 

The rest of this section is devoted to proving Theorem 19 .21 The basic idea is exactly the same as 
the proof of Theorem (87TJ 
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9.1. Cutting up the holomorphic cylinder. Suppose that 7 = 7& and 7' = 7^. By Lemma [9TT1 
b < b' is not possible, so assume that b > b'. 

Suppose there is a holomorphic cylinder u = (a, u) : S 1 x R — > R x M from 7 to 7'. Again, 
with the aid of the asymptotics from [HWZl], we view u as a smooth map u : S 1 x [0, 1] — > M 
where: 

• ^(S 1 x {1}) = 7 andlz^S 1 x {0}) = 7'. Moreover, the orientation on m(S' 1 x {1}) induced 
from S 1 x [0, 1] agrees with that of 7 and the orientation on u^S 1 x {0}) induced from 
S 1 x [0, 1] is opposite that of 7'. 

• ^Ittitfs^xfo.il) i s immersed away from a finite number of points in int^S 1 x [0, 1]). 

• At points where u is immersed, u is positively transverse to R. 

• u(z) G" Im(7) U Im(7') for z G S 1 x ([0,r ] U [1 — r , 1]), where r is a small positive 
number. 

As before, perturb u so that u is still positively transverse to R away from ^(S 1 x [0, 1]) and a 
finite set F in in^S 1 x [0, 1]), points in F are complex branch points, and (II o u*)(z) 7^ for 
all z with u{z) in a sufficiently small neighborhood iV(7 ) of 7 . Let P be the planar subsurface 
of S 1 x [0,1] obtained by excising z G S 1 x [0,1] such that Tt(z) G mt(iV(7 )). We write 
<9P = <9 P + 9iP + d 2 P, where <9 P maps to 7, <9iP maps to —7', and the components of d 2 P 
map to <9iV(7o). 

We now consider the intersection of S' = S' x {0} and u(P), which we may assume to be 
a transverse intersection. Then the set of points of P which map to S' under u are properly 
embedded arcs and embedded closed curves. By the positivity of intersection of d P, —d\P, and 
each component of —d 2 P with S' , we find that the embedded closed curves bound disks in P, 
hence can be isotoped away as before. 

Therefore, the holomorphic cylinder u from 7^ to 7^ gives rise to a map u : P — ► M — N("y ), 
where P is a planar surface and N("f ) a small tubular neighborhood of the binding 70, such that: 

• u is an immersion away from a finite number of points; 

• u(dP) = 7fe U 7^ U u(&2P), where u(<9 2 P) C <9iV(7 ) and consists of b — b' closed 
curves which are parallel to and oriented in the opposite direction from the boundary of the 
meridian disk of iV(7 ) which intersects 7 positively; 

• u(P) n (Sq x {0}) consists of b properly embedded arcs. Here b' arcs begin on jy, b — b' 
begin on <9 2 P, and all end on 7^. 

The arcs of u(P) n (S' x {0}) cut P into 6' disks. See FigureSOl 

We select one arc amongst the b' arcs beginning on 7^, and let r be the image of the arc under 
u. Consider the disk V obtained by cutting P along (the arc that maps to) r as well as along the 
b — b' arcs from u(diP) to 75. Also denote the images of the b — b' arcs from d 2 P to 7 6 under 
u by a%, ... , in counterclockwise order along 75. Here, a\ is the first arc reached from r, 
traveling counterclockwise along 7^. The disk u(V) can be thought of as living in S' x [0, b'}. 
Consider the projection ir : S' Q x [0, b'] — ► 5q onto the first factor. 

We consider the curve -n{u{dV)) and obtain a contradiction by showing that it is not contractible 
in S'0, in a manner analogous to Theorem 18. II Let V (resp. V) be the subarc of ir(u(&D)) which 
maps to 7r(7 b ) (resp. 7r(7y)) in S . (By 7r(7 b ) we mean the projection of an appropriate lift of 7& to 
S x [0,6'].) 
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Figure 10. 

9.2. Completion of Proof of Theorem 19.21 We now complete the proof of Theorem |9T2l Suppose 

k > 3. 

(1) Suppose 7 = 7 b , 7' = 7 b ', and 7, 7' C S(S', ip'). The case when at least one of 7, 7' <f_ S(S', ?/>') 
is similar. As in the proof of Theorem l8.1[ we can write: 

(9.2.1) ir(u(&D)) = /i- 1 ^ 1 )^^ 1 ^ 1 )^---^ 1 ^)^^^-^^ 1 )^)" 1 ^ 

Here we are writing r for tt(t), T = h^ 1 ^) • • • 76 and T' = /i 6 ' -1 ^) • • • 7^. 
Next, we apply h~ h+l and rewrite our equation as: 

(9.2.2) h- b+1 (7i(u(dv))) = i?'r 1 (/i- fe+1 (r))/i- b '(K- 1 )(/i- 6+1 (r')" 1 )/«, 

where 

and R' is of the type which appears in Equation l8.2.2[ 

We will apply the retraction p : So — > S if necessary, without further mention, and work on S. 
By taking a sufficiently large cover of the holomorphic cylinder from 7 to 7' (and replacing 7 and 
7' by K"f and Kj'), we may assume that b — b' is sufficiently large. Hence, 

$(ro > (6 - - 1) - (6 - &') + 1 > 0. 

Next we note that $(R') = by Corollary K9[ Also, by Proposition [Ql $((^')~ 6+1 ( r )) = 0, 
since (ip')- b+1 (T) = li ■ ■ ■ h' b+l (i b ) . Although (ip')- b+1 (T') = h b '~ b ^[) ■ ■ ■ h- b+1 (%,) is not 
quite a concatenation of type Q, the same proof shows that $((^>') _6+1 (r'))) = 0. Finally, $(/«) = 
_ (k -1 )), and the difference between and {^')' b is two arcs of the type R ' . 

Since these two arcs of type R' have $ = 0, we have 

<b(h- h+ \ir(u(dv)))) « $(ro > 0. 

This is a contradiction. 
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(2) Suppose 7 = 7b and 7' = m 7o- As in Section[8l let iV(7 ) be a small tubular neighborhood of 
70 so that (II oM,)(g) zfi for all q with u(q) G N(jo)- We retract the cylinder so that 7 is fixed but 
7' now is on dN("f ). Since dN^o) is foliated by Reeb orbits of irrational slope c and we require 
that the cylinder be positively transverse to the Reeb vector field, it follows that 7' has slope ^ 
which satisfies ^ > ~. Therefore, $(r') contributes negatively, and hence $((r') _1 ) contributes 
positively, which in our favor. 

(3) Suppose 7 = m 7o and 7' = Consider iV(7 ) as in (2). This time, we retract the cylinder 
so that 7 is on <9iV(7 ) and 7' is fixed. Then 7 has slope ^ which satisfies ^ < \, and $(T) 
contributes more positively, which is in our favor. 

(4) This just combines the observations made in (2) and (3). 
This completes the proof of Theorem 19 .21 



10.1. Direct limits in contact homology. Let a and a' be contact 1-forms for the same contact 
structure £, with nondegenerate Reeb vector fields R a , R a /. Denote by A-cl{o) the supercommu- 
tative Q-algebra with unit generated by V^ L , the set of good orbits of R a with action J a < L. 
The boundary map d is the restriction of d : A(a) — > A(a) to A<i(a) C A(a). 

Write a' = fo(x)a, where fo(x) is a positive function. If K is a constant satisfying K > 
su Px£M fo(x), then a sufficient condition for the existence of a chain map 



is that V > KL, as will be explained in the next paragraph. 

Consider K x M with coordinates (t,x). We define a function f(t,x) for which (i) ^ > 0, 
(ii) f(t,x) — > K as t +00, (iii) f(t,x) fo(x) as t — > —00, (iv) f(t,x) does not depend 
on x for t large positive, and (v) f(t, x) = g(t)fo(x) for t large negative (this means that g(t) is 
a function which approaches 1 as t — > —00 and has small positive derivative %). Then define the 
symplectization d(f(t, x)a). Let J be an almost complex structure which is adapted to the sym- 
plectization at both ends. Take the collections V a , V a > of the good orbits for a and a', respectively. 
Let M [ Z ]( J, 7, 7i, • • • , 7m) be the moduli space of J-holomorphic rational curves with (asymptot- 
ically marked) punctures which limit to 7 G V a at the positive end and to 7^, . . . , 7 m G V a ' at the 
negative end. Then define 



where the sum is over all unordered tuples 7' = (71, •••,7 m ) and homology classes [Z] G 
H 2 (M, 7 U 7') so that the moduli space M.\z\{ J, 7, 7|, • • • , 7 m ) is 0-dimensional. Here n 7i7 ' ... )7 ^ 
is a signed count of points in Ad[z\(J, r y' m ), k(j) is the multiplicity of 7, and ii, . . . , %\ 

denote the number of occurrences of each orbit 7^ in the list j[, . . . ,7 m . By Stokes' theorem 
applied to d(f(t,x)a), we see that if there is a holomorphic curve from 7 to j[, . . . ,j' m , then 
K J a > YliLi I ' fo a - Hence if L' > KL, then $ aa / is well-defined. Moreover, $ aa / is 
a chain map, as can easily be seen by analyzing the breaking of 1-dimensional moduli spaces 



10. Direct limits 



: A< L (a) A<v(ol) 
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•M.[z](J, 7, l'n ■ ■ ■ , 7™)- There is an induced map on the full contact homology: 

<$> aa , : FHC< L (M,a) -> FHC< L ,(M, a'). 

In this paper we will use the same notation <& aa > for the map on the chain level and map on the 
level of homology; it should be clear from the context which we are referring to. 

We now discuss direct limits. Fix a nondegenerate contact 1-form a for (M, £). Let {«j = /jCt}, 
i — 1, 2, . . . , be a collection of contact 1-forms and let Mj = sup{/j(x), j-^y | x E M}. We say 
that the sequence (ctj, Lj) is exhaustive if there is a sequence Lj — > oo such that 

L m > CMiM i+1 Li, 

where C > 1 is a constant. 

Proposition 10.1. Suppose the sequence (ctj, Lj) z's exhaustive. Then the direct limit 

lim FHC< Li {ai) 

exists. Moreover, 

$ : FHC(a) ^ lim FHC< Li (ai). 

This implies that the direct limit calculates the full contact homology of (M, £), and is indepen- 
dent of the particular choice of nondegenerate contact 1-form. 

Proof. Suppose (a i: Lj) is exhaustive. Then the chain maps 3> aiaj+1 '■ A(cti) — > restrict to 

$a iQi+1 : ^<Li(o!i) -> A< Li+1 (a i+1 ), 

since L i+1 > (sup^,^ ^ffi ) • Lj by the exhaustive condition. Hence the direct limit exists. 
Next we show that for any iV 3> there exists a pair (ctj, Lj) so that 

: A< N (a) -> ^l<L,(ai), 

obtained by counting rigid marked rational holomorphic curves, is a chain map. Since > Lj_i 
and Lj_i — > oo as i — > oo, there is a symplectization from a to cej so that 7 with -A Q (7) < N is 
mapped to 7' with ^4^(7') < Lj. In fact, we simply need > N. 

Now, <& ai a i+1 $aai and $ mi+1 are chain homotopic by the usual argument, so the collection of 
maps & aai induces the map 

$< w : FHC< N (a) -> lim FHC< Li ( ai ) 

i— >oo 

on the level of homology. Now, it is easy to see that FHC(a) = Hindoo FHC< Ni (a), provided 
Ni — >■ 00 (and is increasing). By the usual chain homotopy argument, $<jVj is equal to the com- 
position of FHC<N t {®) — > FHC<N i+1 (a) followed $<jv i+1 . Hence, by the universal property of 
direct limits, we obtain the map 

$ : FHC(a) -> lim FHC< Li (ai). 

Finally, to prove that $ is an isomorphism, we use the usual chain homotopy argument. Given 
(a,, Lj), there exist iVj and «' so that LjMj < N < ^jj-. Hence we have maps A^icXi) — > 
A< Ni (a) and (a) — > ^1<l 4 , an ^ their composition is chain homotopic to 
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Therefore, the composition 

lim FHC< Li (ai) % FHC(a) lim FHC< u { ai ) 

i^oo i— >oo 

is equal to the identity map. This gives a right inverse of $; the left inverse is argued similarly. □ 

10.2. Verification of the exhaustive condition. The goal of this subsection is to show the exis- 
tence of an exhaustive sequence (c^, Li), where the a, are all adapted to the same open book (S, h) 
with pseudo-Anosov monodromy and fractional Dehn twist coefficient c > -, so that the direct 
limit process can be applied. Let C< L .(aj) be the Q- vector space generated by V^ Li . 

Let a Ei£ i be the contact 1-form defined in Section [6l In what follows, we perturb a E>e > with 
respect to a suitable large constant iV ^> 0, as in Lemma [7721 For simplicity of notation, we will 
still call the perturbed 1-form a £i£ i. 

Proposition 10.2. Given a sequence L it i — 1, 2, . . ., going to oo, there is a sequence of contact 
1-forms a> ei ,e'.> i EN, with e it e\ — > 0, so that: 

(1) The chain groups C< L -(a £ . e /) are cylindrical. 

(2) There exists an isotopy (<Pa) s e[o,i] ofM so that ((p\)*a £u£ >. = GiCt £0j£ > o and -g < Gi < 4*. 

We now apply Proposition ! 10.2l to obtain an exhaustive sequence: In our situation Mi = 4\ Pick 
Li so that the exhaustive condition is satisfied. By Proposition |10.2[ there exist cti = ((p\)*a e e i = 
Gi<y £0:£ > so that (aj, Li) is exhaustive. 

We first prove some preparatory lemmas, which are proved for the unperturbed a £ ^ \ however, 
the same results are also true for the perturbed a £>£ ', since the perturbation is a C7°°-small one. 

Lemma 10.3. On H(S,if)'), the quantity \[3 t (Y £ i)\ is bounded from above by a constant which is 
independent of < e' < 1 (and of course independent of e). 

Proof. For technical reasons, we specialize the function f £ > : S — » K, defined in Section 16.2.21 
on the region A = S l x [0, 1]. In particular, we require that < — 1 when y £ [y , y x ], where 

f £ ,(y ) > |and/ £ /(yi) =2e'. 

We first restrict to the subset (away from dT,(S, ip')) where f £ i < 2s' . Suppose t E [0, |]. Recall 
that iy c ,cOt — —fit (Equation 16.2.21) and $ t = Xo(t)(P ~ fe'{9*P)) (Equation 16.2.31) . The quantity 
\$t\ is bounded above by a constant independent of e, since Xo(0' 9*P> an d fe' arQ bounded 
above. Next, 

u t = (1 - Xo(t))d(fAgM + X o(t)d(3. 
Clearly, d(5 is bounded from below. On the other hand, d(f £ /g*(3) = e'd(g*f3) on S — A and 
{f £ i — ^-(C — y))d6dy on S 1 x [yx, 1]. Hence d(f e >g*(3) is bounded below by e' times a positive 
constant. This means that | Y £ >(t) \ is bounded above by 

Cn 



(l-Xo(t))e , C 1 + Xo (t)C 2 ' 
where C , Ci, C 2 > are constants. Since /9 t = (1 — Xo(t))f e >(g*/3) + Xo(t)(3, we obtain 

(l-Xo(t)K^ 3 + Xo(t)C 4 



IA(nOI < 



Xo(t))e'C 5 + X o(t)C 6 
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where C7 3 , . . . , C 6 > are constants. The expression on the right-hand side is bounded above by a 
constant independent of e'. The situation t G [|, 1] is treated similarly. 

Now, on the subset f e , > 2s', d(f £ ,(g*(3)) = - ^(C - and ^ < -1 or / £ , > §. 

Hence \d(f £ '(g*ft))\ is bounded below by a positive constant which is independent of e' . Hence Y £ i 
is bounded above by a constant independent of e' , and the conclusion follows easily. □ 

As a consequence of Lemma [10.31 if e is sufficiently small, then ct £j£ /( + Y e i) = 1 + ej3 t (Y £ i) 
is bounded from below by a positive constant. 

Now we recall Moser's method: Let (a s ) ae [o 11 be a path of contact 1-forms. We are looking 
for an isotopy (</> s )se[o,i] such that (j)* s a s = H s a . If X s is a time-dependent vector field which 
generates (j> s , then it satisfies the equation: 

<f)* s (a s + C Xs a s ) = H s a , 

where the dot means the derivative in the s-variable (at time s). Using the relation <p* s a s = H s a , 
this can be rewritten as 

(10.2.1) a s + £ Xa a s = G s a s , 

where G s = (4- \ogH s ) o It will be convenient to choose X s to be in ker a s , in which case 

C Xs a s = i Xs da s . 

Lemma 10.4. For every < e' < 1, one can find 5\ (e') > O^o ?/za£, /or every < S\ < Eo < 
8\{e'), the 1-forms ct £o , £ ' and a £li£ > are contact and there exists an isotopy (0 s ) s e[o,i] of M starting 
from the identity such that 0*a £l)£ ' = Ha £0;E >, with | < H < 2. 

Proof. We first work on E(S f , ^'). Apply Moser's method to the path of contact 1-forms given by 
a £sj£ >, where e s = (1 — s)e + sei and s G [0, 1]. The infinitesimal generator X s G ker a £sj£ / of 
the isotopy 4> s satisfies: a £sj£ < + i Xs da £sjS i = G s a £st£ >. If we evaluate this equation on + Y £ >, we 
obtain 

(e 1 -e )(3 t (Y £/ )=G s (l + e s p t (Y £/ )). 
By Lemma [10.31 |/3 t (l^/)| is bounded above and |1 + e s (3 t {Y £ i)\ is bounded below by a positive 
constant, provided we take s$ and e\ small enough. Hence |G S | and 1 4- log are bounded above 
by a small constant. This implies that ^ < H s < C for C7 > 1, say C = 2. 

In the neighborhood N(K) = K/Z x D 2 of the binding, a e>£ / is of the form a e (r)dz + b £ (r)d9, 
according to Section \6.2 .31 For sufficiently small e , e l5 a £0j£ ' and a ei)£ / are close, and so are i? £0i£ ' 
and R £l , £ >. Hence, the left-hand side of Equation ll0.2.ll evaluated on the Reeb vector field R s , can 
be made arbitrarily small. Hence we conclude that H is arbitrarily close to 1 near the binding. □ 

Lemma 10.5. For every < e[ < e' Q < 1, there exists ^(e^) > so that, for every < S\ < 
S2(s[), there exists an isotopy (<j>' s )se[o,i] of M so that (0' 1 )*a eij£ ' i = H'a £lt£ ' o , with ~ < H' < 2. 

Proof. We can concentrate our attention on T,(S, ip'), since a £j£ / does not depend on e' on N(K). 
Given < e' , e[ < 1 and s G [0, 1], let e' s = (1 — s)s' + se^. By Equation 1 10.2. 1 1 applied to the 
path a £lj£ ' s , we obtain: 

e 1 /3 t (n i ) = G a (l + ei/3 t (n i )) J 
where the dot is the derivative in the s-variable. As before, we see that if e\ is small enough, then 
|1 +eiPt(Y £ 'J \ is bounded below by a positive constant. Since (3 t and Y £ > do not depend on e\, \G S \ 
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is bounded above by a small constant, provided S 2 (e' 1 ) is sufficiently small. Again, this implies 
that £ < H' s < C for C > 1, say C = 2. " " " □ 

We are now ready to prove Proposition 1 10.21 

Proof of Proposition \10.2\ First use Theorem 18. II to choose sequences (ei)^ and (eQigN so that 
no closed orbit of the Reeb vector field R £u£ r which intersects a page < Lj times bounds a finite 
energy plane. (Here we are using the perturbed oi £i>£ >, .) Next, after shrinking e, if necessary, suppose 
e < Si(s' ) and (Ei) ieN is a decreasing sequence which satisfies £, < inf-f^e^), <5i(e-)> ^(e^)}- 
By Lemma l6\2l we may also assume that £j is sufficiently small so that R £i>£ >. is arbitrarily close to 
-^ + Y £ '. on Yj(S, i/j') and the action is almost the same as the number of intersections with a page. 
Hence C , <L i (a ei £ ') is cylindrical. Now, if we compose the two isotopies given by Lemmas 1 10.41 
and ll0.5l we find an isotopy whose time 1 map pulls a £i+1>£ '. 1 back to Hia £i;£ >,, with \ < Hi < A. 
The composition of all these isotopies produces an isotopy whose time 1 map pulls a £i £ i back to 
G ia£oA with i < d < A\ □ 

10.3. Proof of Theorem I2.3H ). Suppose OS is connected. Let (S, h) be the open book, where h 
is freely homotopic to the pseudo-Anosov ip and has fractional Dehn twist coefficient c—-. 

Suppose k > 2. By Proposition 110.21 there exists an exhaustive sequence {(a^, L i )} c *L l adapted 
to (S, h), so that each Q- vector space C^ni^i) is cylindrical. There are chain maps 

^Z l a^- C <LM)^C< Li+1 (a i+1 ), 

which count rigid holomorphic cylinders in the symplectization from «j to a i+ i . Let lim HC<l 

i— >oo — 1 

be the direct limit. 

Next consider the chain maps 

which count rigid punctured rational curves in the symplectization from ccj to c^+i. We claim 
that no orbit 7 of V£ Li bounds a finite energy plane in the symplectization from oti to a«+i. The 
argument is identical to that of Theorem 18.1 [ by observing that the almost complex structure J can 
be chosen so that R times the binding 70 is J-holomorphic. (This is possible since we can make 
the binding an orbit of the Reeb vector field for each f(t , x)a with t fixed.) Therefore, under the 
maps $ aiQ!i+1 , the trivial augmentation on A< Li+1 (a i+ i) pulls back to the trivial augmentation 
Si of A< Li (ai). 

We now prove that A(a) admits an augmentation e. Define Q aai in the same way as & ai a i+ i- 
Take 7 G A(a). If we let 

<3> = <J> o - • • o <J> o<3> 

then, for sufficiently large i, each term of $^(7) has c^-action < Li by the exhaustive condition. 
(Here A ai (a7i . . . r/ m ) = J2j Axilj)* where a G Q.) We then define e{j) = e, L o $^(7). The 
definition of £(7) does not depend on the choice of sufficiently large i, due to the fact that e i+ i 
pulls back to e { under $ a , a , +1 : A< Li (ai) -> .A<l 1+1 (a i+ i). 

It remains to see that HC £ (a) ~ lim HC^lXoh). We use the same argument as in Proposi- 

tion ll0.il Given Li, there exist Ni and z' so that there are maps ^ : A^L^Oii) — > ^^^(a) and 



REEB VECTOR FIELDS AND OPEN BOOK DECOMPOSITIONS 



53 



<EV : A<N.(a) — > A< L ., so that = e. Hence we have 

HC^'iai) % HC% Ni {a) % HC< Li ,( ai ,), 

whose composition is the map HC<LX a i) ~^ HC<L if (a*/) by Theorem [3^21 since \T/*£ is homo- 
topic to the trivial augmentation and HC< Li (<^i) — HC^.fai)- The direct limit of the right-hand 
side yields 

$ : HC £ (a) -> lim HC< Li {ai). 
As before, we have a right inverse of $ and a left inverse exists similarly. 

11. Exponential growth of contact homology 

11.1. Periodic points of pseudo-Anosov homeomorphisms. We collect some known facts about 
the dynamics of pseudo-Anosov homeomorphisms. Let E be a closed oriented surface and ip 
be a pseudo-Anosov homeomorphism on S. The homeomorphism ip is smooth away from the 
singularities of the stable/unstable foliations. 

A pseudo-Anosov homeomorphism^ admits a Markov partition {R%, . . . , Ri} of E, where Ri = 
[0, 1] x [0, 1] are "birectangles" with coordinates (x, y), where y = const are leaves of the unstable 
foliation T u and x = const are leaves of the stable foliation T s . (See HFLPl Expose 10] for details, 
including the definition of a Markov partition.) 

The Markov partition gives rise to a graph G as follows: the set of vertices is {Ri, . . . , R{\ and 
there is a directed edge from Ri to Rj if int(ip(Ri)) R int(Rj) ^ 0. The periodic orbits of ip of 
order m are in 1 - 1 correspondence with cycles of G of length m. (The singular points of T s or T u 
are omitted from this consideration.) In particular, the orbits which multiply cover a simple orbit 
correspond to cycles of G which multiply cover a "simple" cycle of G. As a corollary, we have the 
following exponential growth property: 

Theorem 11.1. There exist constants A, B > so that the number of periodic orbits ofip of period 
m is greater than Ae . The same is true for simple periodic orbits or good periodic orbits, i.e., 
orbits which are not even multiple covers of hyperbolic orbits with negative eigenvalues. 

Next we transfer this property to an arbitrary diffeomorphism h of £ which is homotopic to tp, 
using Nielsen classes. Let /, g be homotopic homeomorphisms of E. If x is a periodic point of 
/ and y is a periodic point of g, both of order m, then we write (/, x) ~ (g, y) if there exist lifts 
x, y of x, y and lifts /, g of /, g to the universal cover E such that d(f k (x),g k (y)) < K for all 
k E Z. Here K > is a constant and d is some equivariant metric on E. Elements (/, x) and (g, y) 
which satisfy (/, x) ~ (g, y) are said to be in the same Nielsen class. Since the periodic points of 
Tp belong to different Nielsen classes, we have the following: 

Theorem 11.2. For each periodic (ip, x), there exists at least one (h, y) in the same Nielsen class. 
Hence the number of periodic points h of period m is greater than or equal to the number of 
periodic points ofip of period m. 

The above theorem is stated by Thurston in HThL A proof can be found in [HnJ. 
Given a diffeomorphism / : E — > E and x a nondegenerate fixed point of E, its ±1 contribution 
to the Lefschetz fixed point formula is calculated by the sign of det (df (x) — id). More precisely, if 
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df(x) is of hyperbolic type with positive eigenvalues then det(df (x) — id)<0 and the contribution 
is —1; if df(x) is of hyperbolic type with negative eigenvalues or of elliptic type, then det (df (x) — 
id) > and the contribution is +1. They correspond to even and odd parity, respectively, in the 
contact homology setting. For a pseudo-Anosov ip, the sum of contributions (in the Lefschetz fixed 
point theorem) of a periodic orbit x of period m in a particular Nielsen class is ±1, if the orbit does 
not pass through a singular point of the stable/unstable foliation, since there is only one orbit in 
its Nielsen class. On the other hand, if the orbit passes through a singular point, then the sum of 
contributions is still nonzero, but the orbit is counted with multiplicity. Now, the same holds for 
the sum of contributions from all the (h, y) that are in the same Nielsen class as (ip, x). 

So far the discussion has been for £ closed. In our case, the surface S has nonempty boundary. 
Let / : S — > S be the first return map of the Reeb vector field R = R £ £ i constructed above. By 
construction, f\g S = id and is homotopic to h and ip. We cap off S by attaching disks to obtain 
a closed surface £ and extend / to £ by extending by the identity map. Since we want to compare 
/ on E to ip on E, we extend ip to E (as well as the stable and unstable foliations). The extension of 
ip to E is pseudo-Anosov, provided the number of prongs on the boundary is not n — 1. (Boundary 
monogons could exist, although interior monogons do not.) We can avoid monogons by passing 
to a ramified cover which is ramified at the singular point of the monogon. The nondegeneracy of 
R implies the nondegeneracy on the cover. Also, there is at most a finite-to-one correspondence 
between periodic points on the cover of S and the periodic points on S. Hence, the number of 
Nielsen classes of / with period m grows exponentially with respect to m. We will then discard 
the fixed points of / in the same Nielsen class as (f,x), where x E dS. 



11.2. Proof of Theorem |2~3t 2). Suppose A; > 3. We prove that the direct limit 1^^^ HC< Li (ai) 
has exponential growth with respect to the action. Recall we already proved the isomorphism be- 
tween HC £ (a) and lim HC^l^oh), during the proof of Theorem l2.3r i). 

Let C = C' <L .(o£i) be the subspace of C = C7< Zi (o;i) generated by the orbits that are not covers 
of the binding. Also let C" = C< L .(oti) be the subspace of C generated by the orbits which are 
covers of the binding. Then C = C © C" and d = & + d", where & : C -> C and d" : C" -> C" , 
in view of Theorem |9.2[ Here d, d', d" only count holomorphic cylinders. Also C is filtered by the 
open book filtration (i.e., the number of times an orbit intersects a page). Let Tj be the subspace 
of C generated by orbits which intersect a page exactly j times, and let Fjj^x) be the subspace 
of Tj generated by orbits in the same Nielsen class as (ip, x). Suppose (ip, x) is good, i.e., it is not 
an even multiple of an orbit which has negative eigenvalues. The set of such good Nielsen classes 
grows exponentially with respect to j, provided j < Lj. (Recall that we can take the contact 
form so that the action is arbitrarily close to the number of intersections with the binding.) By 
Theorem 19 .2[ the boundary map d : C — > C, restricted to Fjup^), has image in J r j ! (^ jX ). Since 
Fj,{il),x) can be split into even and odd parity subspaces, and they have dimensions that differ by 
one by Euler characteristic reasons, it follows that the homology of (J r j^ :X ), d) has dimension at 
least one. This proves the exponential growth of HC^L^ai) with respect to the action, provided 
we stay with orbits of action < Lj. (Alternatively, one can say that the i^-term of the spectral 
sequence given by the open book filtration which converges to HC<l z (ai) has exponential growth 
with respect to the action, and, moreover, the higher differentials of the spectral sequence vanish.) 
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Let ^Fj,^,x){^i) be Fj^x) f°r a i- Suppose (tp, x) is good. We claim that the map 

: C< Li (a i ) -> C< Li+1 (a i+1 ) 

sends Fj,(i/,, x )(<Xi) to ^(^(c^+i). In other words, no holomorphic cylinder from a generator 7 of 
^},(^i,x)(a!i) to a generator 7' of J 7 j,uii, x ){ a i+i) intersects R x 7 . This follows from applying the 
same argument as in the proof of Theorem I9.2I 

Finally we show that, by choosing sufficiently large L$, there is a sequence Ni — > 00 so that the 
map 

(11.2.1) $a*a i+ i : H{F3,(il>,x){0Li)) ~ > i? (J},(^ ja; )(Q;i + l)) 

on the level of homology is injective, if j < iVj. This is sufficient to guarantee the exponential 
growth for the direct limit. Recall that the orbits of R ai of action K map to orbits of R ai+1 of 
action < MiM i+ iK under $ aiQ!i+1 , and the orbits of -R ai+1 of action K' map to orbits of R ai of 
action < MiM i+ iK' under $ ai+lQ!i . Hence, in order to compose & ai+iai & ai a i+1 in the cylindrical 
regime, we need j < ^ M .j^. +1 yi • Provided this holds, the usual chain homotopy proof shows 
that $ a<aj+1 , restricted to H (Tj^^ipii)), has a left inverse and hence is injective. Therefore, we 
choose Li so that, in addition to the exhaustive condition, Ni = ^ M y is strictly increasing to 
00. 

This completes the proof of Theorem (23£2). 

11.3. Proof of Corollary 12.61 Suppose a is nondegenerate. By Theorem [23^1), there is a lin- 
earized contact homology for any nondegenerate a. Observe that, if R a only has finitely many 
simple orbits, then HC £ (M, a) will have at most polynomial growth for any augmentation e. The 
corollary then follows from Theorem (23^2). 

Suppose a is degenerate and has a finite number of simple orbits 71, . . . , 7;. Then, according 
to Lemma 1731 for any N ^> there exists a C°°-small perturbation o>n of a so that the only 
periodic orbits of action < iV are isotopic to multiple covers of 7^ This means that the only free 
homotopy classes which could possibly have generators in the linearized contact homology group 
lim HC<Li(oii) are multiples of the / simple orbits. This contradicts the fact, sketched in the 

next two paragraphs, that there are infinitely many simple free homotopy classes in M which have 
generators in lim HC<Li( a i)- 

i— >oo 

We now sketch the proof, following Gabai-Oertel llGOi Lemma 2.7]. If 7 and 7' are closed orbits 
of the suspension flow of ip, then 7 and 7' are both tangent to the suspension lamination C, which is 
an essential lamination if c > -. Let u : R x S 1 — > M be an immersed cylinder from 7 to 7'. Then 
the lamination on R x S 1 , induced by pulling back C via u, cannot have any 0-gons or monogons, 
after normalizing/simplifying as in HGOl Lemma 2.7]. Since, by Euler characteristic reasons, an 
m-gon with m > 2 implies the existence of a 0-gon or a monogon, it implies that m-gons with 
m > 2 also do not exist. Hence the only complementary regions of u~ l (C) are annuli S 1 x [0, 1] 
andlx [0, 1]. 

Now, if c > -, then it is possible to replace u by v! which does not intersect the binding 70 : 
Let v : S 1 x [0, 1] — > M be an immersion whose interior maps to the connected component V of 
M — £ that contains 70 and such that S 1 x {0, 1} maps to C. The map v is the restriction of u to 
the closure of one connected component of u^ 1 (M — C). It is not hard to see that v can be replaced 
by v' so that they agree on d(S 1 x [0, 1]) and v' is disjoint from 70. The same technique works for 
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«:Rx[0,l]-> M, Therefore, 7 and 7' are freely homotopic in M if and only they correspond to 
the same Nielsen class. 

Remark 11.3. The above argument gives an easy proof of Theorem \2. 3\ ifib is realized as a first 
return map of a Reeb vector field. 
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